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Abstract 

We examine the action of the fundamental group T of a Riemann 
surface with m punctures on the middle dimensional homology of a 
regular fiber in a Lefschetz fibration, and describe to what extent this 
action can be recovered from the intersection numbers of vanishing 
cycles. Basis changes for the vanishing cycles result in a nonlinear ac- 
tion of the framed braid group B on m strings on a suitable space of 
mxm matrices .JThis action is determined by a family of cohomologous 
1-cocycles Sc ■ B ^ GLm(Z[r]) parametrized by distinguished config- 
urations c of embedded paths from the regular value to the critical 
values. In the case of the disc, we compare this family of cocycles with 
the Magnus cocycles given by Fox calculus and consider some abelian 
reductions giving rise to linear representations of braid groups. We also 
prove that, still in the case of the disc, the intersection numbers along 
straight lines, which conjecturally make sense in infinite dimensional 
situations, carry all the relevant information. 
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1 Introduction 



Picard-Lefschetz theory can be viewed as a complexification of Morse theory 
with the stable and unstable manifolds replaced by vanishing cycles and the 
count of connecting orbits in the Morse-Witten complex replaced by the 
intersection numbers of the vanishing cycles along suitable paths in the 
base. Relevant topological information that can be recovered from these 
data includes, in Morse theory, the homology of the underlying manifold 
and, in Picard-Lefschetz theory, the monodromy action of the fundamental 
group of the base on the middle dimensional homology of a regular fiber. 
That the monodromy action on the vanishing cycles can be recovered from 
the intersection numbers follows from the Picard-Lefschetz formula 

(V'L)*a = a-(-ir("+^)/'(L,a)L. (1) 

Here X ^ S is a Lefschetz fibration over a Riemann surface S with fibers 
of complex dimension n (and precisely one critical point in each singular 
fiber), M is a regular fiber over ^ 5], L C M is an oriented vanishing 
cycle associated to a curve from zq to a singular point z € S, ^/'l S Diff(M) 
is the Dehn-Seidel twist about L obtained from the (counterclockwise) mon- 
odromy around the singular fiber along the same curve, (ipi)* is the induced 
action on Hn{M) and (•, •) denotes the intersection form. Equation ([T|) con- 
tinues to hold when X T, is a symplectic Lefschetz fibration as introduced 
by Donaldson [71[8]. In either case the vanishing cycles are embedded La- 
grangian spheres and so their self-intersection numbers are 2(— 1)"/^ when 
n is even and when n is odd. See [2l Chapter I] and [3l §2.1] for a detailed 
account of Picard-Lefschetz theory and an exhaustive reference list. 

The object of the present paper is to study an algebraic setting, based on 
equation ([1]), which allows one to describe the monodromy action of the fun- 
damental group in terms of intersection matrices. This requires the choice 
of a distinguished basis of vanishing cycles and the ambiguity in this choice 
leads to an action of the braid group on distinguished basis [2], which in 
turn determines an action on a suitable space of matrices. In the case of the 
disc, this action was previously considered by Bondal [5] in the context of 
mirror symmetry. Our motivation is different and comes from an attempt 
of two of the authors (A.O. and D.S.) to understand complexified Floer ho- 
mology in the spirit of Donaldson-Thomas theory [9]. In this theory the 
complex symplectic action or Chern-Simons functional is an infinite dimen- 
sional analogue of a Lefschetz fibration. While there are no vanishing cycles, 
one can (conjecturally) still make sense of their intersection numbers along 
straight lines and build an intersection matrix whose orbit under the braid 
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group might then be viewed as an invariant. Another source of inspiration 
for the present paper is the work of Seidel \19\ [20] about vanishing cycles 
and mutations. 

We assume throughout this paper that the base S of our Lefschetz fibra- 
tion is a compact Riemann surface, possibly with boundary, not diffeomor- 
phic to the 2-sphere. Let Z C 5] \ dT, be the set of critical values and zq be a 
regular value. If S is diffeomorphic to the unit disc B = {z € C||2;| < 1} we 
assume that zq € dT,. To assemble the intersection numbers into algebraic 
data it is convenient to choose a collection c = (ci, . . . ,Cm) of ordered em- 
bedded paths from a regular value zq £ T,to the critical values (see Figure[TJ. 
Following [21 [19] we call such a collection a distinguished configuration 
and denote by C the set of homotopy classes of distinguished configurations. 




Figure 1: A distinguished configuration. 

Any distinguished configuration determines an ordering {zi, . . . ,Zm} of the 
set Z of critical values by := Cj(l). It also determines m vanishing cycles 
Li, . . . , Lm C M as well as m special elements of the fundamental group 

gi,...,gmeT := 7ri(S \ Z,2;o) 

(obtained by encircling Zj counterclockwise along q). The orientation of Li 
is not determined by the path Cj and can be chosen independently. How- 
ever, when n is even, the monodromy along gi changes the orientation of Lj. 
Thus, to choose orientations consistently, we fix nonzero tangent vectors 
Vz € TzS for z € choose orientations of the vanishing cycles in the direc- 
tions of these vectors, and consider only distinguished configurations c that 
are tangent to the vectors —Vz at their endpoints. We call these marked 
distinguished configurations and denote by C the set of homotopy classes 
of marked distinguished configurations. The oriented vanishing cycles de- 
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termine homology classes, still denoted by 

Li,...,L„ e Hn{M). 

These data give rise to a monodromy character : T jrnxm ^-^^ 

N^{g) := n,,{g) := {U,p{g)L,) . (2) 

Here p : F — t- Aut(ff„(M)) denotes the monodromy action of the fundamen- 
tal group. Any such function A/" : F — > Z™^"* satisfies the conditions 

Jo, if n is odd, , , 

\ 2(-l)'^/2, if n is even, ^ ^ 

n,,{gh) - (-l)"("+i)/2na.(<7)nfc,(/i) 

for g,h gT and i,j,k = 1, . . . , m. The last equation in ([3]) follows from ([TJ. 
Our convention for the composition is that gh gT first traverses a represen- 
tative of /i, and then a representative of g. 

The part of Hn{M) that is generated by the vanishing cycles under the 
action of F can be recovered as the quotient 

Mat := A/ker A/", A := Z[F]™ 

where the endomorphism J\f : A A is given by the convolution prod- 
uct {J\f\){h) := Ylg'^(.^9~^)^{9)- The Z-module BI_y is equipped with an 
intersection pairing, a F-action pj\f : F — > Aut(]HI_A/), and special elements 
Li, . . . , hm € Hat, defined by 

{ti,X):= ^ fiihfM{hg-')Xig), pMiM ■= M := [5,]. (4) 

g,h£r 

Here F acts on A by 

{g,X){h) := X{hg), 

€{ G Z'" denotes the standard basis, and 6i :T Z*" is defined by := Cj 
and 6i{g) := for g 1. With these structures Mj\f is isomorphic to the 
submodule of Hn{M) generated by the vanishing cycles modulo the kernel of 
the intersection form. The isomorphism is induced by the map that assigns 
to every A G A the homology class Xi{g)p{g~^)Li G Hn{M). 

The monodromy character J\f^ : F — )■ Z™^™ depends on the choice of 
a marked distinguished configuration c and this dependence gives rise to an 
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action of the framed braid group S of S \ {zq} on m strings, based at Z, 
on the space of monodromy characters. More precisely, our distinguished 
configuration c determines m special elements gi =: gi^c G T obtained by 
encircling Zi := Cj(l) counterclockwise along Cj. Denote by 

^ := {AA = {n,j) : T ^ Z™'^'" | ©} 

the space of monodromy characters on (T,gi^c, ■ ■ ■ ,gm,c)- The framed braid 
group B, interpreted as the mapping class group of diffeomorphisms in 
Diffo(S,zo) that preserve the set Z and the collection of vectors {vz}zez, 
acts freely and transitively on the space C of homotopy classes of marked 
distinguished configurations (see Sections [3] and H]) . Here Diffo(S,zo) de- 
notes the identity component of the group of diffeomorphisms of S that fix 
zq. The framed braid group also acts on the fundamental group T and, for 
every t G B and every c G C, the isomorphism : T ^> F maps gi^c to 5'i,r,c- 
This action actually determines the (unframed) braid r (see Section H]) . 
Our first theorem asserts that there is a canonical family of isomorphisms 

which extends the geometric correspondence 7V^ i-^ -^t^c between mono- 
dromy characters associated to different choices of the distinguished config- 
uration. It is an open question if every element M G JVc can be realized by 
a (symplectic) Lefschetz fibration X ^ S with critical fibers over Z. This 
question is a refinement of the Hurwitz problem of finding a branched cover 
with given combinatorial data. The isomorphisms J3^^c are determined by a 
family of cocycles 

5e:e^GL„(Z[r]) 

with values in the group of invertible matrices over the group ring. To 
describe them we denote by iXa.c S *3m. the permutation associated to the 
action of a on the ordering determined by c. Then the (i, j) entry of the 
matrix is 

Sj,c(o") := c^^ ■ (T*Cj e r 

(first (7*Cj, second c~^) for i = vro-,c(j) and it is zero for i ^ T^a,c{3)- We 
emphasize that a^^gj^c = Sj,c{<^)~^gi,cSj,c{(^) for i := 'Ka,c{j)- See Figure [2] 
below for some examples. 

In the next theorem we think of an element Ai € GLm(Z[r]) as a func- 
tion M : r ^ jmxm ^-^^Yi finite support, denote M^{g) := M{g~^Y , and 
multiply matrices using the convolution product (see Section [2]) . 
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Theorem A. (i) The maps Sc ■ B ^ GLm(Z[r]) are injective and satisfy 
the cocycle and coboundary conditions 

Scicrr) = Sc{cr)a^:Sc{T), Sr^c{(^) = SciT)~'^Sc{(T)a^:SciT). (5) 

(ii) The maps Sc in (i) determine bijections 

X,c ■■ ^ ^.c, M ^ 5c(t)*AA5c(t). 

(iii) Given a Lefschetz fibration X ^ T, and elements c £ C, t £ B, we have 

AA^i = S^irm^S^ir). (6) 

In terms of Serre's definition of non-abelian coliomology |2H Appendix 
to Chapter VII] the first equation in ([5|) asserts that Sc is a cocycle for 
every c G C. The second equation in ([5]) asserts that the cocycles Sc are all 
cohomologous and hence define a canonical 1-cohomology class 

[Sc] eH\B, GL^mr])). 

We call it the Picard Lefschetz monodromy class. 

In the case S = B there is another well known cocycle arising from a 
topological context, namely the Magnus cocycle 

Mc-.B^ GL„(Z[r]), c € C. 

Here B denotes the usual braid group (with no framing), which we view as a 
subgroup of B using the framing determined by a vector field v on T, whose 
only singularity is an attractive point at zq and such that v{z) = Vz for all 
z £ Z (see Section [6]) . The Magnus cocycle is also related to an intersec- 
tion pairing [25l [l8] and its dependence on the choice of the distinguished 
configuration c G C is similar to the dependence of the Picard-Lefschetz 
cocycle. The cohomology classes [A^c] and [Sc\b\ are distinct and nontriv- 
ial in H^{B,Ghmi^\^\))- After reduction of V to the infinite cyclic group, 
both cocycles define linear representations of the braid group with coeffi- 
cients in 'L[t,t^'^\. In the case of the Magnus cocycle, this is the famous 
Burau representation [Hill]. In the case of the Picard-Lefschetz cocycle, 
this representation was first discovered by Tong- Yang-Ma |24] and is a key 
ingredient in the classification of m-dimensional representations of the braid 
group B on m strings |22j . For braids which do not permute the elements 
of Z, the Tong- Yang-Ma representation is determined by linking numbers 
(see Section [6]). 
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We continue our discussion of the planar case S = D. The group T 
is then isomorphic to the free group generated hy gi, . . . , gm, and it is 
convenient to switch from the geometric picture in Theorem A to generators 
and relations. We denote by Bm the abstract group generated by (72, ... , (Jm, 
El, . . . with relations 

CjCTj+ifTj = (Ti+lfJifTj+i, ejCTj = aiEi-l, Ei-lGi = GiEi. (7) 

All other pairs of generators commute. The choice of an element c € C 
determines an isomorphism Bm — > B obtained by identifying the generators 
C7j, Ei with the moves depicted in Figure [2] ([IT], see also Section This 



\Si,c{o-i) = 1/ 



Ci-l\ 



1 ZO 



1 20 



Figure 2: The generators of Bm- 

gives rise to a contravariant free and transitive action of Bm on C denoted 
by Bm X C ^ C : ((T, c) 1-7' (T*c, and to an action of Bm on F^ via 



gi-i iH> gi-igigi_i, 
gi i-> gi-i, 



(8) 



(o"j)*5'j = 9j for j and (sj)* = Id. 

The third equation in ([3]) shows that, in the case of the disc, we can 
switch from matrix valued functions to actual matrices. More precisely, a 
monodromy character J\f : Tm — > Z™^"^ is uniquely determined by the single 
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matrix N := A/'(l). The latter satisfies 

[ 2{—l) ' , II n IS even. 

We denote by the space of matrices satisfying Q. The map M is 
exphcitly given hy Af(g) = Np]y{g), the homomorphism : Tm — > GL.m(Z) 
being defined on generators by 

PN{g^) = l-{-lr^''+'''/'E,N. (10) 

Here E'j € Z*"^™ is the matrix with the i-th entry on the diagonal equal to 
one and zeroes elsewhere. The representation pjy induces an action of on 
the quotient module Hat := Z™/ ker which preserves the intersection form 
(A,^) := X'^Np,. Moreover, the triple (Mn,P]\[, (•,•)) becomes isomorphic to 
{Mj\f,pj\f, (•,•)): see Section [2j The next result rephrases Theorem A for the 
particular case of the disc, and strengthens it with an additional uniqueness 
statement. The first part of (ii) has been already proved by Bondal O 
Proposition 2.1] for upper triangular matrices instead of (skew-)symmetric 
ones. For k = 2, . . . ,m we denote by the permutation matrix of the 
transposition (k — 1, k) and, for i = 1, . . . , m, we denote by Di the diagonal 
matrix with i-th entry on the diagonal equal to (—1)""'"^ and the other 
diagonal entries equal to 1. 

Theorem B. (i) There is a unique function S : Bm x '^Kn — ^ GLm(Z) 

satisfying the following conditions. 

(Cocycle) For all N € o/l^ and a,T Bm we have 

S{aT, N) = S{a, N)S{t, S{a, NfNS{a, N)). (11) 
(Normalization) For all N G ,yVm we have S{l,N) = 1 and 

S(afc,Ar) = Sfc-(-l)"("+i)/2^fc_i,fcEfc_i, k = 2,...,m, 
S{ei,N) = Di, i = l,...,m. 

(ii) The function S in (i) determines a contravariant group action of Bm 
on jVm via 

a*N := S{a,NfNS{a, N) 

for N G Ji<m and a € Bm- This action is compatible with the action of Bm 
on the space of marked distinguished configurations in the sense that, for 
every Lefschetz fibration X ^ D with singular fibers over Z, every a G Bm, 
and every c £ C, we have 

N^, = a*N^ 

where := J^^{1). 



8 



(iii) For every a S Bm and every N G ,A^, the matrix S{a, N) induces an 
isomorphism from M„* jv to Hjv which preserves the bilinear pairings and 
satisfies 

Pa'Nig) = S{a, Nr^pN{<T,g)S{a, N). (13) 

By Theorem B every symplectic Lefschetz fibration / : X — ?> B with 
critical fibers over Z determines a 5m-equivariant map 

which can be viewed as an algebraic invariant of X. Our next theorem 
asserts that this invariant is uniquely determined by the matrix 

Q'"^ : Z X Z 

of intersection numbers of vanishing cycles along straight lines. Here we 
assume that no straight line connecting two points in Z contains another 
element of Z; such a set Z is called admissible. Denote by the space 
of matrices Q : Z x Z ^ Z satisfying 

We define a map C x jVz '■ (c, N) ^ Qc^n by 

Qc,N{zi,Zj) := {NpN{9))ij (15) 

where zi, . . . , Zm is the ordering of Z given by c, Tm is identified with T, and 

9 ■■= c,"^ • Sij ■ Cj G r. 

Here the right hand side denotes the based loop obtained by first traversing 
Cj , then moving clockwise near zj until reaching the straight line s jj from zj 
to Zi , then following Sij , then moving counterclockwise near Zi until reaching 
Cj , and finally traversing Cj in the opposite direction (see Figure [3]) . Geo- 
metrically, this means that the intersection matrix Q-^ := Q^nx assigns 
to a pair {z, z') ^ Z x Z the intersection number of the vanishing cycles 
along the straight line from z to z', where the orientations at the endpoints 
are determined by moving the oriented vanishing cycles in the directions Vz 
and v-^i clockwise towards the straight line. (Given a marked distinguished 
configuration c and the loop g as above, the straight line Sji from Zi to Zj 
corresponds to the curve Cj • g""^ ■ c^^.) 
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Figure 3: Intersection numbers along straight lines. 



Theorem C. The map {c,N) i— )■ Qc,n defined by (USD is invariant under 
the diagonal action of Bm on C x ,yKn- Moreover, for every Q G there 
is a unique equivariant map 

such that 

Qc,Nc = Q 

for every c G C. 

Let / : X ^ B be a symplectic Lefschetz fibration with critical fibers over 
an admissible set Z C int(I])). Let z,z' £ Z and x € f~^(z), x' G f~^{z') 
be the associated critical points of /. Then the number Q-^{z,z') is the 
algebraic count of negative gradient flow lines 

u + Vf\u) = 0, f^ :=cos{e)Ref + sm{e)lmf, 9 := argiz' - z), (16) 

from x' = lim^^-oo ^^(■s) to x = lim^^oo 'u(s). According to Donaldson- 
Thomas [9] this count of gradient flow lines is (conjecturally) still meaningful 
in suitable infinite dimensional settings. It thus gives rise to an intersection 
matrix Q and hence, by Theorem C, also to an equivariant map c i-t- Nc- A 
case in point, analogous to symplectic Floer theory, is where / is the complex 
symplectic action on the loop space of a complex symplectic manifold. 

The paper is organized as follows. In Section [2] we explain an algebraic 
setting for monodromy representations. Section [3] discusses the framed braid 
group B, and in Section 2] we prove that B acts freely and transitively on 
the space C of distinguished configurations. Theorem A is contained in The- 
orem 15.51 from Section [5l We compare in Section [6] the Picard-Lefschetz 
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cocycle with the Magnus cocycle, and discuss some related hnear represen- 
tations of the braid group. Theorem B is proved in Section [71 in Section [8] 
we introduce monodromy groupoids, in Section [9] we prove Theorem C, and 
Section [10] illustrates the monodromy representation by an example. We 
include a brief discussion of some basic properties of Lefschetz fibrations in 
Appendix [Aj summarizing relevant facts from [21 Chapter I]. 

Acknowledgements. We are grateful to Theo Biihler for pointing out to us 
Serre's definition of a non-abelian cocycle, and to Ivan Marin for indicating 
to us the references [23l [24] • 



2 Monodromy representations 

We examine algebraic structures that are relevant in the study of mon- 
odromy representations associated to Lefschetz fibrations. 

Definition 2.1. Fix a positive integer n. Let T be a group and gi, . . . ,gm 
be pairwise distinct elements of T \ {1}. A monodromy character on 
{r,gi, . . . , Qm) is a matrix valued function TV = (njj) : T jrny.m g^figfying 

nrj{g-^) = {-lTn,i{g), (17) 

Jo, ifnis odd, 

nii{l) - I 2(-l)"/2^ is e^en, 

Uijiggkh) = ni,{gh) - (-l)"("+i)/2n,fc(<7)nfc,(/i) (19) 

for all g,h T and i,j,k € {1, . . . , m}. A monodromy representation 

of {T,gi, . . . , gm) is a tuple {%, p,Ci, . . . , Cm) consisting of a Z-module H 
with a nondegenerate bilinear pairing, a representation p:T^ Aut(?{) that 
preserves the bilinear pairing, and elements L\, . . . ,Cm G T~i, satisfying 

<£,£'> = (-1)" (£',£>, (20) 

^^^'^'^ " \ 2(-l)"/2, ifnis even, 

p{g,)C = C- (-l)-(-+i)/2 {C,,C) Q (22) 

for all C,C' ^T-i and i G {1, . . . ,m}. The automorphisms p{gi) are called 
Dehn twists and the Li are called vanishing cycles. 
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Remark 2.2. Every monodromy character Af :T •^mxm satisfies 

n^jigg^'h) = n,,{gh) - (-l)"(-l)"("+i)/2n,fc(ff)nfc,(/i), (23) 

nijigig) = riijiggj) = {-l)"^^nij{g). (24) 
Every monodromy representation (Ti, p,Ci,..., Cm) satisfies 

p{g;')C = C- (-l)«(-l)«(«+i)/2 (QX) Q, (25) 

pig,)£i = i-ir+'U (26) 

Equation ()23p follows from (jl7p and (jl9|) by replacing g, h with h~^,g~^ and 
interchanging z and j. To prove the second equation in (|24p use equation (|19p 
with k = j and /i = 1; then use (jlSp . The proofs of (j25p and ()26p are similar. 

Every monodromy representation gives rise to a monodromy character 
and vice versa. If (J-L, p, Ci, . . . , Cm) is a monodromy representation then 
the associated monodromy character J\fp : T — > Z'"^'" assigns to every g & T 
the intersection matrix 

n,jig):={Ci,pig)Cj). (27) 

Conversely, every monodromy character J\f gives rise to a monodromy rep- 
resentation (]HI_A/, pj\f, Li, . . . , Lm) as follows. 

Denote by Z[r] the group ring of T. One can think of an element A € Z\r] 
either as a function A : F — )• Z with finite support or as a formal linear 
combination A = X^^gr ^{9)9- With the first viewpoint, the multiplication 
in Z[r] is the convolution product 

{Xp){h) ■.= Y,X{g)p{g-^h). 

The group T acts on the group ring by the formula (5*A)(/i) := X{hg) for 
A G Z[r] and g,h £T. In the formal sum notation we have 

g^X = X(hg)h = Kh)hg-' = Xg-\ 

h h 

For any function 7\A : F — > Z"*^"^ we introduce the Z- module 

Mj^:=A/{XeA\MX = 0}, A := Z[F]'", (28) 
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where {J\fX){h) := Ylg-^(.^9 ^)^(.9) the convolution product. This abehan 
group is equipped with a bihnear pairing 

(/., A) := ^{hfM{hg-^)X{g) = ^ f,{hfiMX)ih) (29) 
g,hgr her 

and a group action p_\f : T Aut(Hl7^) defined by 

PAfioM ■■= b*A], (30) 

which preserves the bihnear pairing. The special elements Li, . . . ,Lm € Hat 
are given by 

L.:=[4i, J: m 

These structures are well defined for any function A/" : F — )> Z"^^™. The 
next lemma asserts that the tuple {M.j\f , p_\f, I^i, ... is a monodromy 

representation whenever A/" is a monodromy character. 

Lemma 2.3. (i) Let TV : F — ?> Z™^™ &e a monodromy character. Then the 
tuple (E[_v', PaTj Li, . . . , Lm) defined by ^2M31\) is a monodromy representa- 
tion whose associated character is Af. 

(ii) Let {T-L, p, Ci, . . . , Cm) be a monodromy representation and M be its 
character [2^ . Then the map 

m 

A^n:X^YY\^{g)p{g-')£i (32) 
ger i=i 

induces an isomorphism of monodromy representations from Mj^/ to V/W, 
where V C Ti denotes the submodule generated by the vanishing cycles p[g)Ci 
and W C V is the kernel of the intersection form. 

Proof. The Z-module is isomorphic to the image of the homomorphism 
A I— >■ MX and hence is torsion free. That the bilinear pairing in (j29p is 
nondegenerate follows directly from the definition. That it satisfies (I20p 
follows from (jl7p and that it satisfies (|2ip follows from (jlSp and the identity 
{Ci,Ci) = njj(l). To prove (I22p fix an index i and an element A € A. 
Abbreviate 

£ .- (-_2)n{n+l)/2 

and define A' G A by 

A' := {gi)*X - X + e {5i, A) 6i. 
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Then 



X'{h) = \{hg,) - \{h) + e l^gef Ar(<7^i)A(ff) j <5,(/i) 

and hence 

{My!){k) = ^M{kh~')(\ihgi)-X{h)+e^ejM{g~')X{g)5iih) 
h ^ g 

= (j^{kgih~^) - M{kh~^) + eM{k)EiM{h~^yj X{h) 

h ^ ' 
= 0. 

The last equation fohows from (jl9p . Hence the equivalence class of A' van- 
ishes and so the tuple (]HI_a/, pa/", Li, . . . , Lm) satisfies ([22]) . Thus we have 
proved that {Mj^/, pj^, Li, . . . , L^) is a monodromy representation. Its char- 
acter is 

{5i,g*5j) = Y6i{kfM{kh~^)5j{hg) = n,j{g). 

h,k 

This proves (i). 

We prove (ii). The homomorphism ()32p is obviously surjective. That the 
preimage of W under ()32p is the subspace {A G A | J\fX = 0} follows from the 
identity 

(p(/i"^)A,<f^(A)> = Y,n^j{hg-')XJ{g) = {MXUh), 
g,j 

where 

9 J 

Hence ([32]) induces an isomorphism ^j\f : I^_^f — > V/W and it follows directly 
from the definitions that it satisfies the requirements of the lemma. □ 

Remark 2.4. Our geometric motivation for Lemma [2. 3 1 is the following. Let 

Af = : r — )■ Z™^™ be the function associated to a Lefschetz fibration 
X — )> S and a distinguished configuration c via ([2]). Let V C Hn{M) be 
the submodule generated by the vanishing cycles p{g)Li and W C V he the 
kernel of the intersection form on V. Then the homomorphism A — )■ y : A i-^ 
Ylg i ^ii9)pi9~^)-^i descends to a F-equivariant isomorphism of Z-modules 
^j\f : M_\f — >■ V/W that identifies the pairing in dH) with the intersection form 
and maps the element Lj defined by (j4]) to the equivalence class [Li] G V/W. 
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Example 2.5. Assume that T is generated freely hy gi, . . . ,gm- In this case 
the function Af : T j^nxm Definition 12.11 is completely determined by 
N := This matrix satisfies 

atT / f 0, if n is odd, 

[ 2[—l) ' , if n IS even. 

It determines a monodromy representation 

Mn := Z™/ ker iV, {fi, A) := ^^iVA, 

with special elements associated to the standard basis of and the F-action 
Pat : r ^ Aut(ElAr) uniquely determined by 

PN{g^) = l-{-lr^''+'''/^E,N. (33) 

Here Ei € Z™^*" denotes the matrix with the i-th entry on the diagonal 
equal to 1 and zeroes elsewhere. The function Af can be recovered from the 
matrix N via 

f^{g) = NpNig), 

where p]\[ : T ^ GLm(2) is defined by equation (j33p . Moreover, the mon- 
odromy representations Hat and Mj^ are isomorphic. The isomorphism 
Hat ^ Mj^ assigns to each [v] G Hat the equivalence class of the function 
A« : r ^ Z"* with value f at 1 and zero elsewhere. Its inverse is induced by 
the map Z[r]- ^ Z™ : A ^ PN{9~^)X{g)- 

The Z- module Mm(Z[r]) of m x m-matrices with entries in the group 
ring is naturally an algebra over the group ring. One can think of an element 
M G Mm(Z[r]) also as a function M : F ^ imxm ^-^j^ g^^-^g support. Then 
the product is given by 

MM{g)=Y,Mgh~'W{h) 

her 

and this formula continues to be meaningful when only one of the factors 
has finite support. The group ring Z[r] is equipped with an involution 
A I— 7- A given by X{g) := X{g~^). The conjugate transpose of a matrix 
M e Mm(Z[r]) is defined by 

M\g) :=M{gf = M{g-T 

and it satisfies (MMf = N^MK 
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Let i3 be a group that acts covariantly on T and denote the action by 
S X r — 7- r : {a,g) a^g. In the intended apphcation T is the fundamental 
group of a Riemann surface with m punctures and B is the braid group on 
m strings in the same Riemann surface with one puncture. The action of B 
on r extends hnearly to an action on Z[r] by algebra automorphisms given 
by 

a^X = ^(o-*A)(5r)c/ := ^ X{g)a^g, {cr*X){g) := X{{a~'^)^g). 

This action extends to the Z-module Z[[r]] of formal sums of elements of 
r with integer coefficients. These correspond to arbitrary integer valued 
functions on T. So B acts on Mm(Z[r]) componentwise, or equivalently by 

a,M ■.= Mo (a-^), : r ^ Z'"^™. (34) 

We then have 

a,{MAf) = {a,M){a,M), a,{M') = {a.Mf (35) 

for A4,M G Mm(Z[r]). The action of B on Mm(Z[r]) induces an action on 
the group GLm(Z[r]) of invertible elements of Mm(Z[r]). 

The following notion plays a crucial role in this paper. In our intended 
application G is the braid group, or the framed braid group, and A is the 
group GLm(Z[r]) of invertible matrices with entries in the group ring of F. 

Definition 2.6 (Serre j21j). Let G and A be groups. Suppose that G acts 
covariantly on A and denote the action by G x A ^ A : {g,a) i— )> g^^a. A map 
s : G ^ A is called a co cycle if 

s{gh) = s{g)g^s{h). (36) 

Two cocycles sq, si : G A are called cohomologous if there is an element 
a & A such that 

si{g) = a~'^so{g)g*a. (37) 
The set of equivalence classes of cocycles is denoted by H^{G,A). 

Remark 2.7. The semidirect product G ix A is equipped with the group 
operation 

{g,a) ■ ih,b) := {gh,ag^b). 

A map s : G — 7> j4 is a cocycle if and only if the map G ^ G x A : 
g i-^- {g,s{g)) is a homomorphism (and the homomorphisms associated to 
two cohomologous cocycles are conjugate by the element (l,a) G G x A). 
Observe that the cocycle condition implies s{l) = 1. 
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Lemma 2.8. Every cocycle S : B 



GLm(Z[r]) induces a contravariant 

(38) 



action of B on the space of all functions Af :T ^ jmy.m 

a*N := {S{afNS{a))oa^. 

Moreover, two cohomologous cocycles induce conjugate actions. 

Proof. For a,T ^ B we have 

{aT)*M = (5((7r)W5((TT)) o (ar), 

= (<t*(5(t))* • S{aYMS{a) ■ a*(5(r))) o a, o r* 
= {S{TY-a*M-S{T))oT, = T*a*M. 

Here we have used the cocycle condition and (j35]) . 

Assume two cocycles iS and S' are cohomologous, i.e. there is a matrix 
A G GL„(Z[r]) such that S'{a) = A~^S{a)a^A for all a £ B. Denote by 
a* and u* the actions defined by S and 5' respectively, and denote 

: Map(r,Z™^™) ^Map(r,Z'"^"^), ^ (39) 

A straightforward verification shows that we have a*' = o fj* o C^^. □ 

Proposition 2.9. Let S : B ^ Ghm(Z[T]) be a cocycle. For every a (z B 
and every function TV : F — ?> Z™^*", the isomorphism 

A ^ A : A S{a){a^X) 

descends to an isomorphism 

: M^,j^ Mm (40) 
which preserves the bilinear pairings and fits into a commutative diagram 



Aut(M^*A^) 



Aut(E[Ar) 



(41) 



with the second vertical arrow given by (j) ^ Sg-'^So-^- Moreover, two coho- 
mologous cocycles induce equivalent isomorphisms pUj) . 



17 



Proof. For any cr € and any function M : T ^ j^mxm isomorphism 
o"* : A — A descends to an isomorphism R^j : M._Moa^, — > because 
{M. o (7*) A = {a~^)^:{M ■ (T*A). That i?o- preserves the bilinear pairings 
follows from the identity {a^fj,YA4{a^X) = a^{p^{A4 o (t*)A) and the formula 
(A,/i) = (A*7\/1/m)(1) for the pairing ([29]) on Mm- 

For any a G B we also have an isomorphism Q^j : IHI5(o-)'a/'<S(ct) — ^ 
induced by the map A i— )• 5(cr)A. This follows from the associativity of 
the convolution product (5*7V5)A = 5*(7V5A) and the fact that 5(0") is 
invertible. That Q^- preserves the bilinear pairing follows from the identity 

The isomorphism S^- : M„*j^ M_\f is the composition S^- := Qo- o 
with J\A := S{aYJ\fS{a). By what we have already proved, this isomorphism 
preserves the bilinear pairings. The commutativity of the diagram (j4ip is 
equivalent to the equation 

PM{<y*9) o = o Pa*M{g), 5 G r. (42) 

To prove (|l2|) note that 

{PAf{cr*9) oS<t)(A) = pM{cr*g){<S{cr)a^X) = (5((j)fT*A) ((J*5f)"\ 

and 

{S^op,*^{g)){X)=S„{Xg-^)=Sia)a4Xg-^) = {Sia)a,X)ia,g)-\ 

To prove the last assertion, we assume that S and S' are two coho- 
mologous cocycles. Thus there is a matrix A € GLm(Z[r]) such that 
S'{a) = A~^S{a)a^:A for all a € B. Denote by a* and a* the actions 
defined by S and S' respectively. We proved in Lemma 12.81 the relation 
a* = Cji, o cr* o , where the map is defined by (f39]l . We then have a 
commutative diagram 



I 

a 



La 



r*((y4-l)W^-l) 



La 



Here the two isomorphisms denoted are induced by left multiplication 
A — >■ A : A I— 7- ^A. The commutativity of the diagram is checked at the level 
of A using the relation between S' and S. □ 
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3 The framed braid group 



In this section we recall the well known correspondence between the braid 
group and the mapping class group (see [H [16] ) and extend it to the framed 
braid group introduced by Ko and Smolinsky |17j . 

Let S be a compact oriented 2-manifold, possibly with boundary, let 
Z C T,\ dTi be a finite set consisting of m points, and choose a base point 
Zq € Ti\ Z. We assume throughout that S is not diffeomorphic to the 2- 
sphere and that zq E dT, whenever S is diffeomorphic to the 2-disc. Denote 
by Diff(S,zo) the group of all diffeomorphisms of S that fix zq and by 
Diffo(S,zo) C Diff(S,zo) the identity component. Define 

g:= {<^GDiffo(S,zo)|</)(Z) = Z}, 
Go := {(j) e g \ 3(j)t € g s.t. (/)o = id, (pi = <j)} . 

Here [0,1] — )■ Diff(S,zo) : t i— )> (^t is a smooth isotopy of diffeomorphisms 
fixing the base point. Thus Qq is the identity component of Q. We refer to 
the quotient 

g/Qo = TToiQ) 

as the mapping class group. It is naturally isomorphic to the braid group. 

Fix an ordering Z = {zi, . . . , Zm} and let ©m denote the group of per- 
mutations. The braid group B on m strings in S \ {zg} based at Z is 
defined as the fundamental group of the configuration space of m unordered 
distinct points in S \ {^o}- Think of a braid as an m-tuple of smooth paths 
/3j : [0,1] — )• S, i = l,...,m, which avoid zq, are pairwise distinct for 
each t, and satisfy /3i(0) = Zi, f3i{l) = for some permutation vr G S^. 
Thus B is the group of homotopy classes of braids. The composition law 
is [/3] • [a] := [(3a], where /3a denotes the braid obtained by first running 
through a and then through /3. 

The isomorphism ^ : B ^ G/Go is defined as follows. Given a braid 
/3 choose a smooth isotopy {(l)t}o<t<i in Difi^(5^5-2o) with (pQ = id satisfying 
4>t{zi) = (3i{t) for i = 1, . . . ,m and define $([/?]) := [(pi]- To see that this 
map is well defined choose a smooth family of vector fields vt G Vect(S) 
satisfying vt{zQ) = and 

vt{/3i{t)) = $i{t), i = l,...,m, 

and let (pt be the isotopy generated by vt via dtcpt = vtocpt and (pQ = id. The 
existence of vt follows from an easy argument using cutoff functions, and 
that the isotopy class of (pi is independent of the choices of j3 and vt follows 
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from a parametrized version of the same argument respectively from taking 
convex combinations of vector fields. We claim that $ is an isomorphism. 
(See (5[ Theorem 4.3] for a slightly different statement.) 

That <I> is a surjective group homomorphism is obvious. Thus we have 
an exact sequence 

vri (Diffo(S, zo), id) ^ S A QIQ^ 1, (43) 

where the first map sends an isotopy {<;/'t}o<t<i with = = id to the 
braid in S \ {zq} defined by t i-7> (j)t{Z). Hence the injectivity of ^ follows 
from the fact that Diffo(S, zq) is simply connected. (This is why we exclude 
the 2-sphere and the 2-disc with a base point in the interior: see Remark 13. II 
below.) In fact it is contractible. To see this in the case x(^) < we use the 
fact that the identity component Diffo(S) of Diff(S) is contractible \10\ 
and consider the fibration 

Difro(S,2o) ^ Diffo(S) ^ S. 

The map Diffo(S) S assigns to every diffeomorphism (j) € Diffo(S) the 
homotopy class of the path [0, 1] ^ S : t i-^ 4>tizo) with fixed endpoints, 
where [0, 1] — ?• Diffo(S) : t cpt is a smooth isotopy with (pQ = id and 
01 = (p. This map is well defined because Diffo(S) is simply connected. If 
the Euler characteristic is zero S is either diffeomorphic to the 2-torus or to 
the annulus. In both cases Diffo(S,2:o) = Diff(S,2;o) PI Diffo(S) acts freely 
on JT{T,) and there is a diffeomorphism Diffo(S,zo) ^ — )> J'(S) where 
T(S) := j7'(S)/Diffo(S) is diffeomorphic to the upper half space H in the 
case of the torus and to an open interval in the case of the annulus. In the 
case of the disc B the group Diffo(D) of orientation preserving diffeomor- 
phisms acts transitively on ^(B) with isotropy subgroup PSL(2,M). This 
action gives rise to a diffeomorphism from J'(B) to the subgroup of all dif- 
feomorphisms that fix a point on the boundary and a point in the interior. 
Hence the group Diffo(B,zo) is contractible for every zq G dO. 

Remark 3.1. In the cases S = S"^ and S = B with zq ^ (9B the group 
Diffo(S,zo) is not contractible but homotopy equivalent to the circle. It 
can be deduced from the exact sequence (jl3|) that <I> is not injective and 
that, instead, B is in these two cases a central extension of the mapping 
class group G/Qo by an infinite cyclic group Z. If S = S'^ then B can be 
interpreted as the braid group on m strings in C, and the subgroup Z is 
the center of ^ for m > 3 H [E] . If S = B with zq ^ SB then B can be 
interpreted as the subgroup of the braid group on m + 1 strings in B that 
fixes the point zqj and Z coincides with the center of B for all m > 1. 
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The framed braid group is an extension of the braid group B. Choose 
nonzero tangent vectors Vz & T^T, for z (z Z and define 

:={</. G Difro(S, zo) I ^(Z) = Z, dcp{z)vz = v^^z) e Z} , 
Go := ^(j) e § \ G Q s.t. 00 = id, 0i = . 

Thus Qq is the identity component of Q. The marked mapping class 
group is the quotient 

G/Go = 7ro(^). 

It is naturally isomorphic to the framed braid group B on m strings in 
S \ {^o}. Fix again an ordering Z = {zi, . . . , Zm} and denote Vi := for 
i = 1, . . . ,m. The framed braid group is defined as the fundamental group 
of the configuration space of m unordered points in the complement of the 
zero section in the tangent bundle of S \ {zq} whose projections to the base 
are pairwise distinct. Think of a framed braid as an m-tuple of smooth 
paths (ft, ^j) : [0, 1] TS for i = 1, . . . , m such that . . . , /3m) is a braid 
in S \ {zq} satisfying /3i(0) = Zi and /3j(l) = ^^^(j) ^ov some permutation 
TT G &m, and each is a nowhere vanishing vector field along ft such that 
^i(O) = Vi and ^i(l) = t^7r(i)- Thus B is the group of homotopy classes of 
framed braids. 

The isomorphism ^ : B ^ G/Go defined as follows. Given a framed 
braid choose a smooth isotopy {0t}o<t<i in Diff(S,zo) with cpQ = id 

satisfying 

(j)t{zi) = f3i{t), d4)t{zi)vi = ii{t), z = l,...,m, (44) 

and define $([/?, ^]) := [0i]. To see that this map is well defined choose a 
smooth family of vector fields Vt G Vect(S) satisfying Vt{zQ) = and 

vt{Pi{t)) = Pi{t). ^mVt{Pi{t)) = ^Mt), i = l,...,m. (45) 

(Here V is a torsion free connection on TS but the second equation in ()45p 
is independent of this choice.) Now let (j)t be the isotopy generated by vt via 
dt4>t = vto 4>t and 4>o = id. Then (j)t satisfies As above, the existence 

of Vt follows from an easy argument using cutoff functions, and that the 
isotopy class of 0i is independent of the choices of /3 and vt follows from a 
parametrized version of the same argument respectively from taking convex 
combinations of vector fields. That <^ is a surjective group homomorphism 
is obvious and that it is injective follows again from the definitions and the 
fact that Diffo(S,zo) is simply connected. 
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Remark 3.2. There is an obvious action of the mapping class group on the 
braid group induced by the action of Q on B via 

Ml3l,---,Pm] ■■= [(l)°Pn{l),---,4>°Pn{m)], 

for (j) £ G and a braid /3 = (/3i, . . . , /3m), where vr € &m is the permutation 
defined by (/>(2:^(j)) = Zj. On the other hand we have seen that the mapping 
class group can be identified with the braid group. The resulting action of 
the braid group on itself is given by inner automorphisms. In other words 

for Q, /3 S ^. The same holds for the framed braid group. 

The framed braid group fits into an exact sequence 

O^Z™^e^e^l. (46) 

This extension splits by choosing a nowhere vanishing vector field w on 
S \ {zq} such that Wz = Vz at each z G Z. The splitting depends on the 
homotopy class of w relatively to Z, so that it is not unique in general. In 
the following we shall not distinguish in notation between the mapping class 
group TToiQ) and the braid group B, nor between 7ro{Q) and B. 

4 Distinguished configurations 

Let E, Z, Zq be as in Section [3l An m-tuple c = (ci, . . . , Cm.) of smooth paths 
Ci : [0, 1] ^ S is called a distinguished configuration if 

(i) each Cj is an embedding with Cj(0) = zq and, for i ^ j, the paths Cj and 

Cj meet only at zq; 

(ii) {ci(l),...,Cm(l)} = Z; 

(iii) the vectors ci(0), . . . , Cm(0) are pairwise linearly independent and are 
ordered clockwise in Tz^T,. 

Two distinguished configurations and are called homotopic if there is 
a smooth homotopy {c^}o<a<i of distinguished configurations from to c^. 
We write ~ if is homotopic to and denote the homotopy class of 
a distinguished configuration c by [c] . The set of homotopy classes of distin- 
guished configurations will be denoted by C. Note that each distinguished 
configuration c determines an ordering Z = {zi, . . . , z^} via Zi := Cj(l). 
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Theorem 4.1. The braid group B acts freely and transitively on C via 

{[(j)],[ci, . . . ,Cm]) ^[(l)OCi,...,(j)OCm]=- (47) 

Proof. We prove that the action is transitive. Given two distinguished con- 
figurations c and c' we need to construct an element ip G Diffo(S, zq) such 
that -0*0 is homotopic to c' . Up to homotopy we can assume that there is 
a constant e > such that Ci{t) = c[{t) for < t < e. Now construct an 
isotopy [e, 1] Diffo(S, 2;o) : '-^ 4'\ satisfying = id and 

4'x{ciit)) = Ci{Xt), e<X<l, i = l,...,m, 

by choosing an appropriate family of vector fields. Choose an analogous 
isotopy 4>'^ for c' and define 

V:= {(t>',)-'o4>,eg. 

Then ip{ci{t)) = c[{t) as required. 

We prove that the action is free when zq ^ dT,. The case zq G dT, is 
similar. Let c be a distinguished configuration and (f) ^ Q such that (f)^:C is 
homotopic to c. We prove in five steps that (j) Gq. 

Step 1. We may assume that d(f)[zQ) = 1. 

It suffices to prove that, for every matrix A G GL^(n,M), there is a dif- 
feomorphism tjj : M" R", supported in the unit ball and isotopic to the 
identity through diffeomorphisms with support in the unit ball, that satisfies 
tp{^) = and (i0(O) = A. HA is symmetric and positive definite we may 
assume that A is a diagonal matrix and choose tp in the form 

\l){x) = {ll)i{xi),...,\l}n{Xn)) 

where each 0j is a suitable monotone diffeomorphism of M. If A is orthogonal 
we choose a smooth path [0, 1] SO(n) : r i-^ constant near the ends, 
with Aq = A and Ai = 1 and define 

i'ix) := A\^\x. 

The general case follows by polar decomposition. 

Step 2. We may assume that (j) agrees with the identity near zq. 

Let be a diffeomorphism of with 0(0) = and (i0(O) = 1 and choose 
a smooth nonincreasing cutoff function /3 : [0, 1] [0, 1] equal to one near 
zero and vanishing near one. Then, for e > sufficiently small, the formula 

0a(x) := A/3(|x|/e)x + (1 - A/3(|x|/e))0(x) 
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defines an isotopy from (f)Q = (p to a diffeomorphism (pi equal to the identity 
near the origin such that, for each A, (px agrees with (p outside the bah 
of radius e. Now choose a local coordinate chart near zq to carry this 
construction over to S. 

Step 3. We may assume that (p agrees with the identity near zq and (p^c = c. 

Assume, by Step 2, that (p agrees with the identity near zq. Then the 
homotopy A i— > c*" from c*^ = c to = (/)*c can be chosen such that c^{t) 
is independent of t for t sufficiently small. Hence there exists a family of 
vector fields u"^ E Vect(S) satisfying 



for all X,t,i and v {z) = for z near zq. Integrating this family of vector 
fields yields a diffeomorphism ip ^ Qq such that 'ip^:(p^c = c. 

Step 4. We may assume that cp agrees with the identity near the union of 
the images of the Ci . 

Assume, by Step 3, that (p{ci{t)) = Ci{t) for all t and i and that (p agrees 
with the identity near zq. If d(p{ci{t)) = 1 for all i and t we can use an 
interpolation argument as in Step 2 to deform (p to a, diffeomorphism that 
satisfies the requirement of Step 4. To achieve the condition d(p{ci{t)) = 1 
via a prior deformation we must solve the following problem. Given two 
smooth functions a : [0, 1] — >■ M and h : [0, 1] — t- (0, oo) find a diffeomorphism 
■0 : ^ that is equal to the identity outside a small neighborhood of 
the set [0, 1] x {0} and satisfies 



It suffices to treat the cases a{x) = and h{x) = 1. For b{x) = 1 one can use 
an interpolation argument as in the proof of Step 2. For a{x) = one can 
use a parametrized version of the argument for the positive definite case in 
the proof of Step 1. 

Step 5. We prove that cp & Qq. 

Assume, by Step 4, that there is a coordinate chart u : D — )■ S such that 
Ci{t) € u(D) for all i and t and (po u = u. Choose any isotopy 



from (pQ = id to (pi = (p. By a parametrized version of the argument in 
Step 1 we may assume that d(p\{zo) = 1 for every A. By a parametrized 



v\ct{t)) = dxctit) 





< X < 1. 



[0,1] ^Diffo(S,zo) -.X^cPx 
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version of the argument in Step 2 we may assume that there is an e > 
such that (j)\ou agrees with u on the disc of radius e for every A. Choose a 
diffeomorphism : S — > S, supported in ti(ID)), such that 

ip{u{{z G D I |2| < 1 - e})) = u{{z G B I |z| < e}). 

Then A i-^ o c^;^ o ^ is an isotopy in Q and so (j) = ip~^ o (potp ^ Qq. This 
proves the theorem. □ 

Recall from the introduction that every distinguished configuration c de- 
termines elements gi^c, ■ ■ ■ , gm,c of the fundamental group F = 7ri(E \ Z, zq), 
where Qi^c is the homotopy class of the loop obtained by traversing Cj, encir- 
cling Zi counterclockwise, and then traversing Cj in the opposite direction. 
Clearly, the gi^c depend only on the homotopy class of c. Conversely, we 
have the following theorem. 

Theorem 4.2. // c, c' G C satisfy gi^c = di.d for i = 1, . . . , m then c ~ c'. 

The proof relies on the following theorem of Epstein \12\ Theorem 3.1] 
and Feustel |13] about embedded arcs in 2-manifolds. 

The Epstein— Feustel Theorem. Let S he a compact 2-manifold with 
boundary and a, /3 : [0,1] ^ S be smooth embeddings such that 

a(0) = /3(0), a(l) = /3(1), a'^idS) = /S'^dS) = {a(0), a(l)} . 

If a and /3 are smoothly homotopic with fixed endpoints then there is a smooth 
ambient isotopy [0, 1] x S S : {X,p) i— )• 4>x{p) such that 

(/>o = id, (pi o a = (3 

and (j)x\ds = id for all A G [0, 1]. 

In the work of Epstein and Feustel the 2-manifold S is triangulated and 
the isotopy can be chosen piecewise linear whenever the arcs are piecewise 
linear. In Feustel's theorem the homeomorphism (px : S ^ S fixes the end- 
points of the arcs. In Epstein's theorem S need not be compact and the cpx 
have uniform compact support and are equal to the identity on the bound- 
ary of S. To obtain the smooth isotopy in the above formulation, we first 
approximate the embedded arcs by piecewise linear arcs, then use Epstein's 
version of the theorem in the piecewise linear setting, then approximate the 
piecewise linear isotopy by a smooth isotopy, and finally connect two nearby 
smooth arcs by a smooth isotopy. 
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Proof of Theorem \4.^ Let C T be the conjugacy class determined by a 
small loop encircling the puncture z G Z. Since S 7^ 5^ we have 7^ Cz' 
whenever z 7^ z' . Since gi^c & Cci(i) and g^^c' G Cc'(i) for i = 1, . . . , m, we 
deduce that c and c' determine the same ordering of Z: 

Z = {zi,. . . ,Zm}, := q(1) = c-(l). 

Performing an isotopy of the distinguished configuration c', if necessary, 
we may assume that agrees with q on the interval [1 — 2e, 1] for some 
e > 0. Next we denote by i?2e C C the disc of radius 2e centered at zero 
and choose embeddings ipi : i?2e ^ S with disjoint images Ui := tpi{B2e) 
such that '4)i{t) = Cj(l — t) for < t < 2e and Ci|[o,i_2£] takes values in the 
complement of f/i U • • • U Um for every i. Let := ipi^B/r) and denote 

:= Z)i U • • • U Dm C S. 

Then S \ D is a manifold with boundary and the inclusion T, \ D ^ T, \ Z 
induces an isomorphism of fundamental groups 7ri(Il \D,zo) = T. We prove 
in four steps that the distinguished configurations c and c' are homotopic. 

Step 1. For i = 1, . . . ,m let hi (zT be the homotopy class of the based loop 
that traverses Ci|[o^i_e] and then c^|[o,i_£] in the reverse direction. Then, for 
every i, there is a ki G Z, such that hi = g^ '^. 

By definition of hi we have 

higi,J\^ = gi^c' = 9i,c G L 

for i = 1, . . . , m. Thus hi commutes with gi^c- Moreover, F is a free group. 
If m > 1 or dT, 7^ we can choose a basis of T such that gi^c is one of the 
generators and the assertion follows. 

If m = 1 and dTi = then S has genus 51 > 1, by assumption. Hence the 
group r is free of rank 2g and we can choose generators ai, . . . ,ag, . . . , f3g 
such that b := gi^c = 111=1 ["^j ; /^j]- ^et h := hi. Since T is free and b 
commutes with h, the subgroup of T generated by b and h is free, by the 
Nielsen-Schreier theorem, and abelian and hence has rank one. Thus there 
is a d € r such that b = d^ and h = d^ for some r,k G 1j. Since 6 7^ 1 we must 
have r 7^ 0. We claim that r = ±1. To see this, let F =: Fi D r2 D • • • be the 
lower central series of F, with F^+i := [F£,Fi] for i > 1. The quotient H := 
F1/F2 is free abelian of rank 2g with generators [ai], . . . , [og], [f3i], . . . , [/3g]. 
In this quotient the identity = b becomes r • [d] = [6] = 0. Since r 7^ 
and H has no torsion we obtain [d] = in iJ, i.e. d € F2. Since 6 S F2 
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we can consider the identity (T = b in the quotient r2/r3. This quotient 
is canonicahy isomorphic to the second exterior power of H, by identifying 
the equivalence class of a commutator [n, v] with [u] A [v], for all u,v (zT. In 
A^H the equivalence class of b is equal to Ylj=i i^j] ^ [/^j] • This is a primitive 
element, and the equation r-[d] = [b] implies r = ±1. Thus Step 1 is proved. 

Step 2. We may assume without loss of generality that, for each i, the 
paths Cjj[o,i_£] and c^|[o,i-£] are smoothly homotopic with fixed endpoints in 
T,\D. Moreover, the path Cjj[x„£ agrees with the path c'j|[i„£ i] for each i. 

Let ki be as in Step 1 and choose a smooth cutoff function p : [0, 2e] R 
such that p{r) = 1 for r < e and p{r) = for r > 3e/2. Define the 
diffeomorphism : S ^ S by (j){'ipi{z)) := ipi{e~'^'^^''^''^^^^^ z) for z G i?2e and 
i = 1, . . . ,m and by (j){p) := p ior p ^ C/i U • • • U Um- Replacing c' by the 
equivalent distinguished configuration (j)^c' and constructing hi as in Step 1, 
we obtain hi = 1 and this proves Step 2. 

Step 3. If zq ^ dTi we may assume without loss of generality that there is a 
smooth embedding ipQ : S and real numbers 2-k > 9i > ■ ■ ■ > 9m > 

such that the following holds. 

(a) The closure of Uq := ^o(^2e) is disjoint from Ui for i = 1, . . . ,m. 

(b) For each i we have Ci{t) = c[{t) = ipo{e^^H) forO <t < e, |V'o "^(ci(t))| = 
|^crHc^(0)| =t for £ <t <2e, and Ci{t),c!^{t) ^ Uq for 2e<t<l. 

(c) The curves Cj|[£ |„£] and c^jj^ e] '^'"^ smoothly homotopic with fixed end- 
points in S \ (Do U D), where Dq := '0o(^e)- 

In the case zq G dTi we may assume the same with a smooth embedding 
ipQ : {z I Ini z > 0} — ?• S o/ a half disc and with tt > 9i > ■ ■ ■ > 9^ > 0. 

Assume zq ^ dT, and choose any embedding ipQ : S with V'o(O) = zq 

such that (a) holds. Reparametrizing Cj near t = we may assume that 
\dt{'^Q^ o Ci)(0)| = 1. Rotating the embedding, if necessary, we may assume 
that there are real numbers 27r > > ^2 > ■ ■ ■ > > such that 

dtii^^^ o am = e'^\ i = l,...,m. 

Shrinking e, if necessary, we can then deform q to a curve that satisfies 
Ci{t) = Vo(e'^*t) for < t < 2e. Shrinking e again we may assume that 
Ci{t) ^ Uq for 2£ < t < 1. Applying the same argument to the c^, using 
partial Dehn twists supported in Uq, and shrinking e again, we may assume 
that the arcs c[ satisfy the same two properties. Thus condition (b) is 
fulfilled. 
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By Step 2 the curves Cj|[o,i_£] and 4|[o^i_e] are homotopic with fixed 
endpoints in T, \ D. Now consider the loop 7^ in S \ {Dq U D) obtained by 
first traversing Cj|[£ and then traversing c^|[£^i_£] in the reverse direction. 
This loop is contractible in S \ D and hence, as a based loop in S \ (Dq U D) 
with basepoint Cj(e), is homotopic to a multiple of ODq. Using a suitable 
multiple of a Dehn twist in the annulus Uo\Dq (as we did in Step 2), we can 
replace c' by an equivalent distinguished configuration which still satisfies 
(b) and such that 71 is now contractible in S \ {Dq U D). Hence the curves 
ci|[£ i„£] and c']^|[£^i_£] are homotopic with fixed endpoints in S \ {Dq U D). 
For i > 2 the curves Cj([e, 1 — e]) and c'-{[e, 1 — e]) in S \ {Dq U D) have 
endpoints different from ci{e) and ci(l — e). Hence they have well defined 
intersection numbers with ci |[j By what we have just proved these agree 
with the intersection numbers with c']^|[£ i_j]. Since Cj([e, 1 — s]) is disjoint 
from ci([e, 1 — e]) and c^([e, 1 — £]) is disjoint from c[{[£, 1 — e]) we deduce 
that both intersection numbers are zero. Hence the intersection number of 
ci|[£^i_£] with 7j is zero for i > 2. Since the loop 7^ is a multiple of ODq, we 
deduce that it is contractible in E \ {Dq U D) for i > 2. This proves Step 3 
in the case zq ^ d'E,. The proof in the case zq S 95] is similar, assertion (c) 
being simpler to prove. 

Step 4. The distinguished configurations c and c' are homotopic. 

We prove by induction on £ € {1, ... , m} that there is an ambient isotopy 
[0, 1] X E — S : (A,p) 4>\{p) such that each cpx is the identity on DqU D 
and (pi{ci{t)) = c[{t) for < t < 1 and i = 1, . . . , L For i = 1 the existence of 
the isotopy follows immediately from Step 3, the Epstein-Feustel theorem, 
and the second assertion of Step 2. 

Now suppose by induction that i G {2, . . . , m} and that 4 = for 
i = 1, — 1. By Step 3 the curves qIj^ and c^lj^^i.^] are homotopic 
with fixed endpoints in E \ {Dq U D). Choose a smooth open disc [/ C E 
(respectively half disc in the case zq S 9E) such that U is an embedded 
closed disc (respectively half disc) and 

DqUDiU---U D^^i C U, [jlzl Ci{[0, 1]) C U, 

{DiU---UDra)nU = (D, U=£Q((e,l])nC7 = 0. 

Then the inclusion of E \ ([/ U D) into E \ {Dq U D) induces an injection of 
fundamental groups. Hence the curves and c^lj^ are homotopic 

with fixed endpoints in E\(C/ UD). Hence the existence of an ambient isotopy 
satisfying the assertion for i follows from the Epstein-Feustel theorem. This 
proves Step 4 and the theorem. □ 
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Corollary 4.3. Let N he the kernel of the homomorphism T iri{T,,ZQ) 
induced by the inclusion T, \ Z ^ T,. Then the homomorphism 

B — > Aut(iV) :a^a^ (48) 

obtained by composing ^ : B Q/Qo with the canonical action o/Q/Qq on 
the subgroup N, is injective. 

Proof. That the canonical action Q/Qq onV leaves the subgroup N glob- 
ally invariant follows from the definition of ^. To prove the injectivity, we 
consider a braid a £ B such that a^, is the identity of N. For an arbitrary 
configuration c G C, we have 

Hence it follows from Theorem 14.21 that c and cr^,c are equivalent distin- 
guished configurations. By Theorem 14.11 this implies that a is trivial. □ 

Remark 4.4. Assume S = D with zq G dH. We have = T in this case and 
the map (|48p is known as the Artin representation. A classical theorem 
by Artin [ll |4l [16] asserts that it is injective and that its image consists of 
all automorphisms (/> : T — ?■ F that satisfy the following two conditions: 

(i) permutes the m conjugacy classes in F determined by small loops 

encircling the m punctures; 

(ii) (j) preserves the homotopy class of dH. 

Thus Corollary 14.31 is the injectivity part of Artin's theorem. 

Let us now choose a nonzero tangent vector G T^S at each punc- 
ture z £ Z. A marked distinguished configuration is a distinguished 
configuration c = (ci, . . . , Cm) satisfying 

Ci(l) = i = l,...,m. 

Observe that the configuration c induces an ordering on the set {vz}zez 
defined by Vi := V(.-(i) for i = 1, . . . ,m. The notion of homotopy carries over 
to marked distinguished configurations and the set of homotopy classes will 
be denoted by C. Now the proof of Theorem 14.11 carries over word by word 
to the present situation and shows the following. 

Theorem 4.5. The framed braid group B acts freely and transitively on the 
set C via [JT^ . 



29 



Remark 4.6. Given a marked distinguished configuration c S C, one can 
define elements o"2,c, ■ ■ ■ , crm,c, £i,c, ■ ■ ■ , £m,c in S as follows. 

• For i = 2, . . . ,m we define the framed braid ctj^c as follows. We choose 
an embedded arc Si : [0,1] — S \ {zq} from Zi-i = Cj_i(l) = Si(0) 
to Zi = Cj(l) = by catenating (cj-ijjg ^ with a clockwise arc 
from Cj_i(e) to Cj(e) and with qIj^xj. Given Sj we choose a braid 
/? = (/?!, . . . , (3m) such that runs from to on the left of 
Si, (3i runs from Zi to Zi^i on the right of Sj, and /3j = Zj = Cj{l) 
for j 7^ i — The framing is determined by a vector field near 
the union of the curves Cj which is tangent to the curves cj and has 
Zq as an attracting fixed point. The mapping class associated to ai^c 
is represented by a diffeomorphism supported in an annulus around 
the geometric image of /3j_i and /3j; it consists of two opposite half 
Dehn twists, one in each half of this annulus, followed by localized 
counterclockwise half turns centered at Zi-i and Zj. In terms of its 
action on c, the braid cTj^c preserves the curves Cj for j ^ i — l,i and 
replaces the pair (ci_i,Q) by {cig~}^^^,Ci-i). 

• For i = 1, . . . ,m the framed braid e^.c is the trivial braid with the 
framing given by a counterclockwise turn about Zi = Ci(l) and the 
trivial framing over Zj for j ^ i. In terms of its action on c, the braid 
Ei^c preserves the curves Cj for j i and replaces Cj by Cigi^c- 

In the case S = B there is an isomorphism (pc ■ Bm — ^ -B, where Bm is the 
abstract braid group with generators <T2, . . . , Um and ei, . . . , subject to 
the relations ([7]), as introduced in the introduction. The isomorphism sends 
CTj to cjj^c for i = 2, . . . , m and Ej to Ej^c for j = 1, . . . , m. We refer to Figure[2] 
on page [T| for a pictorial representation of these generators. 

5 The Picard— Lefschetz monodromy cocyle 

The main result of this section is Theorem 15.51 which contains Theorem A. 
We use the notations of the introduction. 

A marked distinguished configuration c and a framed braid a = [(j)] ^ B 
with (f) Q determine a permutation tt^^c G &m such that (^(zi) = z^^ ^(j) for 
i = 1, . . . , m. These permutations satisfy 

T^aTfi = T^a,c ° '^t,c, '^a,T,c = T^t,c ° '^cr,c ° T^t,c- (49) 

For c £ C and j = 1, . . . ,m define the function sj^c : ;B — ?• F by 
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Here the right hand side denotes the catenation of the paths a.^Cj and q ^ 
pushed away from zi in the common tangent direction Vi. 

Remark 5.1. Recah the elements ct2,c^ ■ ■ ■ , (^m.,c G 13 and ei^c, ■ ■ ■ , £m,c G ^ 
defined in Remark l4.61 For a = a^^c the permutation tt„^c is the transposition 
of /c — 1 and k, for cr = ei^c it is the identity. Figure [2] shows that 

( ^ / 1' J / - 1, / 1, j i-i, 

Lemma 5.2. The functions sj^c ■ B ^ T defined by ()50p satisfy the conju- 
gation condition 

cr*9k,c = Sk,cicr)~^gi,cSk,c{^), i := TT^^k), (51) 
the cocycle condition 

Sk,ci^T) = SjAa)a*Sk,c{T), j := vr^,c(fe), (52) 
and the coboundary condition 

Sfc,c(o-T) = Sf,c('r)sfc,rH,c('7), := 7rc.,r.c(^) (53) 

/or (T, r € S and k = 1, . . . , m. 

Proof. To prove (jSTj) we denote i := TTc^^k). Then 

where the middle term q • gi^c ■ represents a counterclockwise turn 
about Zj. To prove ((52]) we denote j := 7rr,c{k) and z := T^a,c{j) = 'n'aT,c{k). 
Then 

Sj,c(0")0-*Sfc,c(T) = • 0-*Cj • fT^,(cJ^ • T*Cfc) 

— ' (y^T^Ck 

= Sfc,c(0-T). 

To prove ([531) we denote £ := TTa,T,cik) and i := iTt,c{'^) = 7ro-r,c(^)- Then 
•S£,c(T)sfc,r.c(o-) = c^^ • • (r*c)7^ • o-*(r*c)fc 

This proves the lemma. □ 
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Remark 5.3. It follows from the definition of the mapping class group 
Q/Qq = B that cr^Qk^c is conjugate to Qi^c for some i. (When S is the disc, this 
condition appears in Artin's theorem: see Remark 14.41 ) Thus Lemma 15.21 
gives an explicit formula for a conjugating group element, namely Sfc^c(c). 

For every marked distinguished configuration c = (ci, . . . , Cm) we define 
the map Sc : GL„(Z[r]) by 

{ S-<^'- (54) 

Remark 5.4. By Remark |5. II we have 

/ llfc-2 \ 
V ' l„^-k / 

When S is the disc, these conditions uniquely determine the cocycle Sc- 

The next theorem contains the statement of Theorem A. The notion of 
cocycle has been introduced in Definition 12.61 

Theorem 5.5. The maps Sc with c C satisfy the following conditions. 
(Homotopy) // c is homotopic to c' then Sc = Sc' ■ 
(Injectivity) Each map Sc'- B ^ GLm(Z[r]) is injective. 
(Cocycle) For all c ^ C and a,T & B we have 

Scicrr) = Sc{cr)a^,Sc{r). (55) 
(Coboundary) For all c ^ C and cr, r € S we have 

Sr^dcr) = 5c(r)~^5c((T)fT*5c(r). (56) 
(Monodromy) For each c C the formula 

a*M ■= {Sc{ayNSc{(j)) o a, (57) 

defines a contravariant group action of B on jYc. For c and t G B the 
formula 

,%,c{^) := Sc{TfMSc{T) (58) 

defines an equivariant isomorphism from jVc to ^t,c- The isomorphisms 
satisfy the composition rule .'^a^r^.c ° ^t,c = ^aT,c- 



1,-1 





9i,c 





32 



(Representation) For all c ^ C and t B the matrix Sc{t) S GLm(Z[r]) 
induces a collection of isomorphisms 



that preserve the structures 
(Lefschetz) If X ^ T, is a Lefschetz fibration with singular fibers over Z 
then 



for all c ^ C and t ^ B. Moreover, if <l>^ : M.j^x — )> V/W denotes the 



isomorphism of Remark \2.4\ then <I>:^g = $^ o Sc{t) : 'M.j^x — t- V/W. 
(Odd) If n is odd then the contravariant action of B on ^ descends to B. 

Proof. The (Homotopy) condition is obvious. To prove the (Cocycle) condi- 
tion ([55]) we denote j := nr^dk) and i := vro-,c(i) = '^aT,cik)- Then 

m 

= (5c(cr))jj(J^,(5c(r))jfc 

= Sj,c(0-)0-*Sfc,c(T) 
= (5c(0-T))jfc. 

Here we have used (f52]) and ([51]) . For i ^ ■KaT,c{k) the {i,k) entry of both 
matrices Sc{(tt) and 5c(o")(T*5c(t) is zero. Thus we have proved (|55]) . 

To prove the (Coboundary) condition ([56]) we denote £ := T^a,Ttc{k) and 
« := -Kr^ci^) = ■KaT,c{k). Then 

m 

{Sc{T)Sr,c{(y))ik = ^{Sc{T))iu{Sr,c{(^))vk 
v=l 

= {Sc{T))u{Sr^c{cr))ik 

= Sk,c{<^T) 

= {Sc{crT))je. 

Here we have used (|53p and (|54p . For i ^ ir^^ ^k) the (i, k) entry of both ma- 
trices 5c((Tt) and 5c(t)5t-,,c(o") is zero. Thus we have deduced (1561) from ([55]) . 
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To prove the (Injectivity) condition we assume that c € C is a marked 
distinguished configuration and o" € S is a framed braid such that Sc{(j) = 1. 
Then the permutation 7ro-,c is the identity and we deduce from (jST]) that 

9i,a,c = (y*gi,c = Si^c{cr)~^ gi,cSi,c{(^) = gi^c, i = 1,. . . ,m. 

Hence it follows from Theorem 14.21 that c and o"*c descend to equivalent 
distinguished configurations in C. By Theorem 14.11 this implies that a is a 
lift of the trivial braid in B. Thus 

n = ■ ■ ■ F^"^ 
" l,c ^m,c 

for some integer vector {ki, . . . , km) G Z™. Using again the fact that 5c(o") = 
1 we obtain that kij= • • • = km = and hence a = 1. Thus we have proved 
that, for every c S C and every o" € we have 

Scia) = 1 =^ (7 = 1. 

Now let c G C and a,T (z B he given such that 

Sciar) = Sc{t). 

Then it follows from the coboundary and cocycle conditions that 

Sc{r) = Sciar) = 5c(c7)(t*5c(t) = Sc{T)Sr,c{(y). 

Hence 5r»c(c) = 1 and so, by what we have already proved, it follows that 
(7 = 1. This shows that the map Sc'- B ^ GLm(Z[r]) is injective, as claimed. 

To prove the (Monodromy) condition let Af = € and t & B. We 
must prove that ^r,c{J^) '■= ScirYMScir) € jK^c- To see this denote the 
entries of S^r,c{'^) by Uij and observe that 

nij{g) = ni>j,{si^c{T)gSj^c{T)~^), i' := vr^,c(«), / := 7r^,c(i)- (59) 

That the functions nij satisfy pT|) and (fT8|) is obvious from this formula. 
To prove (fTOl) we abbreviate e := (— l)"("-+i)/2^ k' := ■Kr,c{k), and compute 

nij(ggk,T,ch) = niij>{si^c{T)g{ngk,c)hsj^c{Ty^) 

= n-i/j' {si^c{T)gSk,c{T)~^ gk' ,cSk,c{'T)^^jA'T)~^) 
= ni/j'{si^c{T)ghSj^c{T)~^) 

-eni'k'{si,c{r)gsk,c{T)~^)nk'j'{sk,c{T)hsj^c{T)~^) 
= riij (gh) - euik {g)nkj {h) . 
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Here the first and last equations follow from (|59p , the second equation follows 
from ()5ip . and the third follows from (jl9p for riiiji. Thus we have proved 
that J^^c(A/') € ^yVr^c, as claimed, and hence also 

That equation (j57p defines a contravariant group action of B on ./(^ for 
every c G C is a consequence of Lemma [2. 8i That the map =5^.c : ^t^c 
is equivariant under the action of B follows from (j56p . The composition 
rule follows from the definitions as well as (|55p and (|56p . This proves the 
(Monodromy) condition. 

The (Representation) condition follows from the proof of Proposition [221 
To prove the (Lefschetz) condition we fix a symplectic Lefschetz fibration 
f : X ^ Ti with critical fibers over Z as well as a marked distinguished 
configuration c € C and a framed braid t ^ B. To emphasize the dependence 
of the vanishing cycles on the choice of distinguished configuration c, we 
denote their homology classes by Li c, • • • , Lm^c- Let p : F — > Aut(i7„(M)) 
be the associated monodromy representation and, for g G T, let 

nij{g) := {Li^^, p{g)Lj,c) 
denote the entries of the intersection matrix J\f^{g). Then 

Hence the entries of the matrix Af^^{g) =: (nij{g)) are 

nij{g) = {Li^r,c,p{g)Lj,r,c) 

= {p{si,c{'^)'~^)Li',c,p{gSj,c{T)~'^)LyA 

= {Li'^c, p{siAT)gsjAT)~^)LjiA 
= ni>jf{siAT)gsjAT)~^). 

Hence it follows from (f59|) that = Xt,c{J^^) as claimed. Thus we have 
proved the (Lefschetz) condition. 

Now assume that n is odd. Then it follows from (j24p that 

nijig) = nij{gi^c9) = nijiggj^ (60) 

for Af = [uij) G jy'c- Moreover, if r G ,B belongs to the kernel of the 
homomorphism B ^ B then vTt-^c = id G &rn and Si^r) = gl''^ for some 
ki G Z. Hence equations (]59p and (]60p show that any such element r acts 
trivially on JV^- This proves the theorem. □ 
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6 Comparison with the Magnus cocycle 



Let r be a free group of finite rank and denote by Aut(r) its group of 
automorphisms. Any choice of a basis gi, . . . , gm G T determines a Magnus 
cocycle 

M : Aut(r) ^ GL„(Z[r]) 

defined by 



\ / i,j=l,...,m 

This formula is to be understood as follows. A derivation is a 1-cocycle 
d : r — )> Z[r], i.e. a map that satisfies the equation 

d{gh) = d{g) + gd{h) 

for all g,h gT. In particular we have d{l) = and d{g~^) = —g~^d(g) for 
every g (zT. Examples of derivations are the Fox derivatives [1] 

^■.T^Z[T], i = l,...,m, 
ogi 

characterized by the condition 

-Tr^ = oi, i,j = l,...,m. 



dgi 



Recall that the conjugation Z[r] ^ Z[r] : A i— )> A is the ring anti-homomor- 
phism defined by g := g~^ for all 5 G F C Z[r]. This explains the right hand 
side of (fGTT) . 

The map Ad : Aut(r) — )■ GLm(Z[r]) satisfies the cocycle condition 

Mii^ o ^) = M{ip) ■ ip^Mi^) (62) 

for <j),tp € Aut(r). This is proved in Birman [3] as a consequence of the chain 
rule for Fox calculus. Fox calculus has its origin in the theory of covering 
spaces. The matrix A4{(j)) represents the action of (j) on the twisted homology 
of a bouquet of m circles relative to a base point with coefficients in Z[r]. 
The resulting map is a cocycle (instead of a homomorphism) because the 
lift of a continuous map of the bouquet of circles to its universal cover is not 
F-equivariant. 

This construction applies to the braid group of the disc as follows. We 
return to the geometric setting of Section [3] with S = ID. Thus Z C B is a 
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set of m points in the interior, T is the fundamental group of D \ Z based at 
zq € do, and B is the braid group on m strings in B based at Z. The choice 
of a distinguished configuration c € C determines a basis 51, cj • • • i9m,c 

of r. 

Since B acts on T we obtain a Magnus cocycle 

M,:B^ GL^(Z[r]) 
for every distinguished configuration c G C. 

Proposition 6.1. The maps A4c ■ ^ GLm(Z[r]) are injective and satisfy 
the cocycle and coboundary conditions 

Mciar) = Mc{a)a,Mc{T), MrM = Mc{T)-^Mc{a)a,Mc{T) (63) 
for all c & C and a,T ^ B. 

Proof. The first equation in (|63p follows immediately from (|62p and the 
second equation can also be derived from the chain rule in Fox calculus. For 
the sake of completeness we give the details. The chain rule in Fox calculus 
has the following form, li gi, . . . , Qm and hi, ... , km are two basis of F and 
a € r is an arbitrary element then 

da da dhj 

dgi ^ dhj dgi 

To prove the first formula in (|63p we take 

Then the chain rule asserts that 

dicTT)^gk,c _ da^ngk^c da^gj^c f dT^9k,c \ da^gj^c 

dgi,c jr[ d(^*gj,c dgi^c yr{ V * dgj^c J dgi^c 

The first equation in (j63p follows by conjugation. To prove the second 
equation in (j63|) we choose 

9i ■ 9i,ci ■ T*9j,cj Oj . C!'*T*gk,c- 

Then the chain rule asserts that 

dgi,c ^ dngj^c dgi^c ^ ^gij^^c %,c 

Hence conjugation gives A4c((7t) = A^c(7")-^t*c(<7) and so the second equa- 
tion in (I63p follows from the first. 
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Injectivity of A4c is a consequence of the fundamental formula in Fox 
calculus [H]. It has the form 



^-^ = T.B^^9^,c-l) (64) 

i=i "9^^" 

for all a € r. Applying this formula to a = Ot^gj^c and a = T-^gj^c we see that 
-^c(c") = M.c{t) if and only if a^g = T^^g for all 5 G T, which is equivalent to 
o" = T by Artin's theorem (see Remark l4.4p . This proves the proposition. □ 

The Magnus cocycle Mc is connected to the Reidemeister intersection 
pairing (in its relative version) 

(•,•) :i/i(D\Z,zo;Z[r]) x//i(D\Z,zo;Z[r])^Z[r] 

or, equivalently, to the homotopy intersection pairing 

w : r X r — > z[r] 

introduced by Turaev [25] and Perron [18] . Let Q.c be the m x m-matrix with 
coefficients in Z[r] which represents oj in the basis (gi,c; • • • ,gm.,c)- Perron 
shows that 

Mc{tY ■ Qc ■ Mc{t) = nr,c (65) 

for any c £ C and t £ B. This identity can be deduced from the topological 
interpretation of the Magnus cocycle, according to which A4c{t) is (after 
conjugation) the matrix representing the homomorphism 

n : Hi{0\Z,zo;Z[T]) ^ Hi{B\Z,zo;Z[T]) 

with respect to a basis given by lifts of gi^c, ■ ■ ■ ,gm,c- 
Remark 6.2. By the definition of Fox derivatives we have 

d{gi-i,cgi,cgl}ij _ _^ d{gi-i^cgi,cgi\c) _ 

~^ ~ gi-i,cgi,cgi^i ^~ ' — gi-i,c- 

ogi-i,c ogi,c 

Hence the Magnus cocycle satisfies 

U-2 



for all i = 2, . . . , m. 



-1 „-i 



9--\,^ 
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In order to compare the Magnus cocycle with the Picard-Lefschetz co- 
cycle, we need to restrict the latter to an embedded image of B in B. For 
this we fix, as in the previous sections, a non-zero tangent vector Vz at each 
z (z Z. Moreover we fix a contractible neighborhood U of 20 in S = B whose 
closure does not meet Z, and we fix a vector field v on U whose only sin- 
gularity is an attractive point at zq. Relative homotopy classes of nowhere 
vanishing vector fields on S that restrict to on Z U C/ are parametrized by 
U U Z;Z) = Z™. We choose such a relative homotopy class ^. The 
class ^ defines a section 

B^B 

of the short exact sequence ()46p . which assigns to every braid the framing 
defined by any representative w of ^. Furthermore, we can associate to each 
7 G C the homotopy class [c] G C where c is a distinguished configuration 
representing 7 which is tangent to w for some representative w of ^. This 
defines a section 

of the canonical projection C C. The free and transitive action of B on 
C restricts to a free and transitive action of (,{B) on ^(C). In the sequel, we 
shall identify B and C with their respective images by 

For every c G C, the cocycles Mc show similarities with the cocycles 
Sc\b- Both of them are injective maps B — )■ GLm(Z[r]) and, according 
to the formulas ([5]) and (j63p . they behave in the same way under change 
of c G C. Moreover, the formulas ([6|) and (j65p show that they can both 
be interpreted as matrices of basis change for certain geometrically defined 
bilinear forms. However, in contrast to Aic, the entries of Sc are elements of 
r C Z[r]. The framed braids cj2x, ■ ■ ■ ,Cm,c belong to the embedded image 
of B in B defined by the homotopy class of vector fields We see from the 
formulas in Remarks 15.41 and 16.21 that Mdcri^c) differs from SdcTi^c) exactly 
in one entry. 

The Magnus cocycle gives a unified framework for the definition of var- 
ious linear representations of mapping class groups, including the Burau 
and Gassner representations [1]. These representations are obtained by re- 
ducing r to an abelian quotient. Let us apply the same reductions to the 
Picard-Lefschetz cocycle. 

There is a natural homomorphism T Z which assigns to every loop g 
in B \ Z the total winding number around the punctures. If we identify Z 
with the free group on one generator , this homomorphism sends gi^c to 
t~^. There is an induced ring homomorphism Z[r] — )■ Z[t, and hence 
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a group homomorphism GLm(Z[r]) GLm(Z[i, i""*^])- Composition with 
this homomorphism turns every cocycle into a representation, and turns 
cohomologous cocycles into conjugate representations. The compositions of 
Sc\b ^-nd -^c with the homomorphism GLm(Z[r]) — )■ GLm{7j[t,t~^]) will be 
denoted by 

Sc-.B^ GL^(Z[t,ri]), M,:B^ GL^(Z[i,t-i]). 

On the generators a2^c, ■ ■ ■ , (^m,c of B we have 

\ 
5c(o-i,c) := I to I ' -^c(o-j,c) := 

Im-i / 

These representations of the braid group are well known: A4c is the 
Burau representation [6l U [16] and Sc is the Tong Yang Ma repre- 
sentation introduced in [23]. The Burau representation plays an important 
role in knot theory because of its deep connection with the Alexander poly- 
nomial in [16]. In contrast to the Burau representation, the Tong- Yang- 
Ma representation is irreducible. Furthermore, Sysoeva shows in [22] that 
any irreducible m-dimensional complex representation of the braid group 
on m > 9 strings is equivalent to the tensor product of a 1-dimensional 
representation with a specialization of the latter for some t G C \ {0, 1}. 

Proposition 6.3. The cocycles Mc and Sc\b define distinct and nontrivial 
cohomology classes in {B , GLm{1j[T])) . 

Proof. We have tr(5c(o"j^c)) = m — 2 and tr(A^c(o"j,c)) = m — 1 — t for 
i = 2, . . . ,m, while tr(Id) = m. Thus Sc and ^Ac are neither conjugate to 
each other nor conjugate to the trivial representation. □ 

Remark 6.4. Since the cocycle Sc is defined on B, it gives rise by reduction 
to an extension 

Sc:B^GLr„iZ[t,t-']) 

of the Tong- Yang-Ma representation to the framed braid group. Explicitly, 
we have 

_ / ii.-i \ 

Sci£i,c) ■■= [ , i = l,...,m. 

V a,„_i / 

This formula implies in particular that the Picard-Lefschetz monodromy 
class in GLm(Z[r])) is nontrivial. 



40 



Fix an ordering Z = of the punctures. A pure braid 

is a braid cr S i3 whose associated permutation of Z is trivial. We de- 
note by VB C B the subgroup of pure braids. The ordering of Z in- 
duces a natural isomorphism between the abelianization of F and and 
hence a natural homomorphism from F to Z'". If we identify Z'" with 
the free abelian group on m generators t^i^^, . . . , this homomorphism 
sends Qi^c to for every distinguished configuration c that determines 
the given ordering of Z. Thus, there is an induced group homomorphism 
GLm(Z[F]) — )■ GLm(Z[tf . . . , t^]). The compositions of Sc\'pb and M.c\vB 
with this homomorphism will be denoted by 

Sc-.VB^ GL„(Z[tf \ . . . , Mc-.VB^ GL^(Z[t±\ . . . , t^^]). 

These are representations of the pure braid group and Mc is called the 
Gassner representation |151 H|. Observe that the embedding of the sub- 
group VB in B is canonical (i.e. it does not depend on the choice of ^) and, 
furthermore, the representation Sc does not depend on c but only on the 
chosen ordering of Z. Indeed, using equation (|56|) and the fact that 5c (r) is 
a diagonal matrix for all r G VB, we obtain 

for all a £VB. 

The next proposition gives an explicit formula for Sc and shows that this 
representation is completely determined by the linking numbers. 

Proposition 6.5. For every a € VB we have 

Scia) = Diag [ n tj'^^''\ U t-'''^"'A (66) 

where £k(i,j) denotes the linking number oj the i-th andj-th components of 
the closure of the braid. 

Here the closure of the braid a is defined in the usual way [H [16] by 
connecting the top and the bottom of B x [0, 1] without twisting (see Figure H] 
for an illustration). 

Proof of Proposition [675[ By definition 5c (o") is a diagonal matrix with di- 
agonal entries sj^do') = cj^ ■ a^^Cj € F (see equation (i54l) ). To understand 

the corresponding diagonal entry S'j,c(c) of 5c((t) we must express Sj,c(o") as 
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a word in the generators gi^c and their inverses. The exponent of tj is then 
the total occurence of the factor in this word and we claim that this 
number is —ik{i,j) for i ^ j and is zero for i = j. Equivalently, if we denote 
by ^ € Hi{I]) \ Z; Z) the homology class of an element 5 € F, we must prove 
that 

%c(o-) = ^^k(i, j)?i,c- (67) 

To see this, let C O x [0, 1] be the complement of the braid a, viewed as a 
collection of strings running from B x {0} to B x {!}. There is a deformation 
retract r : iV ^ B \ Z such that, for every 2; € B \ Z, we have r{z, 0) = z 
and r[z, 1) = (j)~^{z) with (/) G Q a diffeomorphism representing the element 
in the mapping class group corresponding to the braid a. This map induces 
an isomorphism 

n : Hi{N;Z) ^ Hi{0\Z;Z). 

The oriented meridians of the strings of c form a basis /ii , . . . , fim 
and their images under r^, are represented by small loops encircling the ele- 
ments of Z counterclockwise; thus we have 

r*{fJ.i) = gi,c, i=l,...,m. 

Using the distinguished configuration c, we can view the closure of the braid 
inside N. We denote its components by Ki, . . . , Km, and the corresponding 
homology classes hy Ki, . . . , Km G Hi{N] Z). By the homological definition 
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of the linking numbers, we have 



The image by r of the knot Kj is the loop that first traverses Cj|[o,i-e] and 
then (/)~^ ocj|[o,i_£] in the reverse direction (for some small e > 0). It follows 
that r^{Kj) = 'sj^df^) for all j £ {1, . . . ,m} and equation ([67|) follows. 

Alternatively, one can prove (j67p as follows. This identity is equivalent 
to the formula 

w{sj,c{a),zi) = I Q (68) 

where w(7, z) denotes the winding number of a loop 7 about z. We choose 
a representative of the braid a in which Zj is constant. Then the j-th com- 
ponent of the braid has the same winding number about ), and 
this winding number agrees with ik{i,j) by definition of the linking number 
as an intersection number. □ 



Remark 6.6. Proposition 16.51 implies, by specializing to ti = ■■■ = tm = t, 
that the Tong- Yang-Ma representation Sc is trivial on the commutator sub- 
group VB' := [PB, VB]. Thus Sc factors through the quotient B/VB' , which 
is an instance of the extended Coxeter group in the sense of Tits [23] . 
In this case the Coxeter group is the symmetric group and B/VB' is an 
extension of the latter by the abehan group VB/VB' = TT-'y^-^)!'^ . 



7 Proof of Theorem B 

We still specialize to the case where S = D is the closed unit disc. In 
this case V is isomorphic to the free group Fm generated by gi, . . . ,gm and 
B is isomorphic to the abstract framed braid group Bm with generators 
(72, ... , (7m, £1, ■ ■ ■ ,£m and relations d?]). The isomorphisms depend on the 
choice of a marked distinguished configuration c € C and will be denoted by 

Lc ■■Tm ^ r, (pc ■■ Bm B. 

The isomorphism ic assigns to gi the special element gi^c obtained by encir- 
cling Zi counterclockwise along q. The isomorphism <j)c assigns to Cj and £i 
the generators cjj^c and Ei^c of B associated to c, as defined in Remark 14.61 
Recall the action of Bm on Tm by ([8]) . 
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Lemma 7.1. (i) The isomorphisms and (pc satisfy 
for g G Tm, cr G Bm, c G C, and ipi G B. 

(ii) For every c C and every a € Bm there is a commutative diagram 

r 

r yr 

(iii) The formula 

a*c := (j)c{(7)^c 

defines a free and transitive contravariant action of Bm. on C and 
for every a G Bm o,nd every c (z C. 

Proof. Assertions (i) and (ii) follow immediately from the definitions by 
checking them on the generators. To prove (iii) we use (i) with ijj := (/'c(cr) 
to obtain 

^c(o-r) = (/>c(cr)(^c(r) = (^0^(<^),c(t)(^c(o-) 
for a,T G Bm and c G C. Hence 

{(7t)*C = <j)c{<yT)^C = 4><t,,(a),c{'T)*'t^c{(y)*C = 4>a*c{T)*{cF* c) = T* a* C. 

That the action is free and transitive follows from Theorem 14.51 To prove 
the last equation in (iii) let g G r^- Then, by (i) and (ii), we have 

This proves the lemma. □ 

Proof of Theorem B. Uniqueness is clear. To prove existence, fix a marked 
distinguished configuration c G C, let 

5c:^^GL^(Z[r]) 

be the cocycle of Theorem A, and define S : Bm x Ghm{'^) by 

S{a, N) := [pN ■ {Sc{(t>c{<y)) o ic)) (1) (69) 
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for a S Bm and N E .yVm- Here 5c(0c(o")) o t^, € GLm(Z[rm,]), the represen- 
tation pn : Tm — > GLm(Z) is given by (fTO|) . and the term /37V ■ ('5c((^c(o")) o^-c) 
is understood as the convolution product. 

We prove that S satisfies (jl2p . For 2 < k < m we have, by Remark 15.41 

S{(Tk,N) = {pN{Sc{crk,c) ° '^c)){l) 

= (Efc - Ek,k-i) + (1 - eEk-iN)Ek,k-i 

Here e := (— and E^^k-i is the matrix whose entries are all zero 
except for the entry (A;, k — 1) which is equal to 1. For 1 < i < m we have 

S{e^,N) = {pN{Sciei,c)oic)){l) 

= /97v(l)5c(ei,c)(l) + pN{g~^)Sc{ei^c){gi,c) 
= {l-Ei) + {l-{-ireEiN)Ei 
= l-i-irenaE^ 
= A. 

Here the second equation uses the identity 

PNig;') = l-i-ireEiN 

and the fourth equation follows from ([9]). We also have (yOAr-(5c(l)o/,c))(l) = 
PAr(l) = 1, and the (Normalization) condition (I12p is proved. 

We prove that S satisfies (fTTI) and (1131) for all a,T £ Bm and N £ J^rn ■ 
The proof is by induction on the word length of a. The induction step relies 
on the following two observations. 

Claim 1. // ()13p holds for a and N, then (jlip holds for every r. 

Claim 2. // (jlip /loWs /or a, r, and and (I13p /loWs /or t/ie pairs (u, A^) 
and {T,a*N), then (jlSp a/so /loWs /or i/ie pair {aT,N). 

To carry out the induction argument we first observe that (jlSp holds for the 
generators ak and by direct verification. Hence, by Claim 1, (fTT]l also 
holds whenever o" is a generator. Assume, by induction, that (jlip and ()13p 
hold whenever o" is a word of length at most k. Let o" be a word of length 
k + 1. That (jl3p holds for every N follows from Claim 2 by decomposing 
0" as a product of two words of length at most k. Hence, by Claim 1, (llip 
holds for every r. Thus it remains to prove Claims 1 and 2. 
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To prove Claim 1 it is convenient to abbreviate 

Mr ■■= SciMr)) o ic G GL„(Z[r„]) 

for T € Bm. Then it follows from Lemma |7. II (ii) that the (Cocycle) condi- 
tion ()55p for Sc takes the form 

Mar = Ma{(T*Mr) 

for fj, T € Bm- Moreover, equation ()13p can be written in the form 
a.{pa*N) = S{a,Nr^PNS{a,N). 

This implies 

S{T,a*N) = {pa,NMr){l) 

= {{(T*Pa'N){(y*Mr)){l) 

= S{a,Nr\pNS{a,N){a,Mr)){l). 
On the other hand we have 

S{aT,N) = {pNMar){l) 

= {pNMa{(J,Mr)){l) 

= {pNS{cj,N)(a,Mr)){l). 

Here the third equation follows from the definition of the convolution prod- 
uct and the fact that pat is a group homomorphism. This proves Claim 1. 

To prove Claim 2, we first observe that equation (llip for the triple 
(cr,T,7V) implies that (crr)*A^ = T*a*N. With this understood Claim 2 fol- 
lows immediately from the definitions. Thus we have proved assertions (i) 
and (iii) of Theorem B. 

To prove (ii) we recall from Example 12.51 that any monodromy character 
Vm — ^ ^™'X'Tt jg uniquely determined by the matrix A'^ : — via 

M = NpN 

where pN : Vm — >■ GLm,(Z) is given by (fTOl) . This implies that, for every 
Lefschetz fibration / : X — ?• B) with critical fibers over Z, we have 

= N^{pNXOi-^) 

Hence assertion (ii) follows from Theorem 15.51 and the identity 

a*N = {^^^^a),cW) (1), M ■■= N{pN o L~'), (70) 
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for c G C and a € Bm- To prove ([70]) we observe that 

PN{gfNpN{g) = N 
for g G Tm (as can be checked on the generators 51, . . . , (7m)) and that 
5(a,iV)= P7v(5"')5c(<Ac(ct))(^c(5)) 

for cj G Bm- Hence 

a*N = S{a,NfNS{a,N) 

= Yl 5e((/.c(cT))(.e(5))'^P^(5-')'^iVp^(/i-')5c(./'c(cT))(6,(/i)) 

= Yl Sc{M<^))Mg)fNpN{gh-^)S,{M^))mh)) 
= Yl S,{ct>,{a)){gfN{gh-^)S,{4>,{a)){h) 

g,h£r 

= (=^^,(.),c(A/'))(l). 
This proves (|7Up and Theorem B. □ 

8 The monodromy groupoid 

Let Z C int(]I!)) be a finite set and v : Z ^ he a collection of unit 
tangent vectors v{z) G for z £ Z. The pair {Z, v) is called admissible 
if no three elements lie on a straight line and v{z) ^ \z' — z\~^ {z' — z) 
for all z,z' G Z with z ^ z' . We assume throughout that f) is an 
admissible pair. Associated to this pair is a groupoid whose objects are the 
elements of Z and the morphisms from zq to zi are homotopy classes of 
paths 7 : (0, 1) D \ Z satisfying 

-i{t) = zo + tv{za), ^{l-t) = zi+tv{zi), 0<t<6, (71) 

for 5 > sufficiently small. (This condition is required to hold for a uniform 
constant 5 > along a homotopy.) Composition is given by catenation, 
pushed away from the intermediate point by the corresponding tangent vec- 
tor. Denote the set of morphisms from zq to zi by ^(2:0,^1) and write 

V:= \J V{zo,zi). 
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It is convenient to present the groupoid V in terms of generators and rela- 
tions. The generators are 



s{z, z') e V{z', z), e{z) € Viz, z) 

for z,z' ^ Z with z 7^ z' . Geometrically, £(2;) represents a counterclockwise 
rotation about z and s{z,z') € V{z',z) represents the straight line from z' 
to z, modified at each end by a counterclockwise turn to match the boundary 
conditions (see Figure [5|). To describe the relations we need some definitions. 





s(z,z') 



Figure 5: Generators of the groupoid V. 

An ordered triangle is a triple zq, w, z\ of pairwise distinct elements of Z; it 
is called local if its convex hull contains no other elements of Z . Associated 
to every ordered triangle is an index 



\x{zq,w,zx) :-- 



0, if v{vj) points out of the triangle, 
±1, if v{w) points into the triangle. 



Here we choose +1 if zq,w,zi are ordered counterclockwise around the 
boundary of their convex hull, and —1 if they are ordered clockwise. We 
have w;, zq) = —fi{zo, w, zi) and, when w = e is an extremal point of Z, 
i.e. when e does not belong to the interior of the convex hull of Z, we have 

n{zo, e,zi) + iJ,{zi,e, Z2) = ^(^o, e, Z2). (72) 

Theorem 8.1. Let {Z,v) be an admissible pair. Then the groupoid V is 
generated by the morphisms s{z,z') and e{z) subject to the relations 

s{zo,zi)s{zi,zo) = I (73) 

and, for every local triangle zo,zi,Z2, 

sizo,zi)eizir^s{zi,Z2)eiz2r's{z2,zo)eizor'' = 1, (74) 

where m := fi{zo, zi, Z2), fJ-2 ■= fJ-izi, Z2, zq), fiQ ■= ^(^2,20,^1)- 
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Figure 6: A positive local triangle. 



Proof. That the generators satisfy these relations follows by inspection of 
local triangles (see Figure [6]) . To prove that there are no further relations 
and that every morphism is a composition of the generators, we choose a 
triangulation of the disc such that each element of Z is a vertex and all 
other vertices are on the boundary. Any path 7 : (0,1) — >■ D \ Z satisfy- 
ing (j7ip can then be approximated by a smooth path 7' intersecting the 
edges transversally and avoiding the vertices. Next one can homotop the 
path to a composition of the morphisms associated to the edges of the trian- 
gulation connecting two vertices in Z and suitable rotations £{z). To prove 
that there are no other relations one can study the combinatorial pattern of 
intersection points between the path 7' and the edges of the triangulation. 
First, the ambiguity in the choice of the word associated to the path 7' is 
governed by the local triangle relation. Second, every word representing 7 
can be obtained by a suitable choice of 7'. Third, in a generic homotopy 
of 7' there are two kinds of phenomena occuring at discrete times. Either 
two adjacent intersection points are created on the same edge or, conversely, 
two adjacent intersection points cancel. One can then check that these phe- 
nomena are again governed by the local triangle relation. This completes 
the sketch of the proof. □ 

A monodromy character on P is a map x : ^> Z satisfying 

/ _u / -.N-n / N f 0, if n is odd, 

X(7 = (-1)"X(7), X(l) = I if „ ,,,,, (75) 

for all 7 € P and 

X(70iei7i2) = X(70i7i2) - (-l)"^"+^^/^x(7oi)x(7i2) (76) 

for all 701 G V{zi,zo) and 712 € V{z2,zi), where ei := e{zi) € V{zi,zi) 
denotes the counterclockwise turn about zi. As in Remark 12.21 one finds 



49 



that every monodromy character satisfies 

x(7oi^rSi2) = X(70i7i2) - (-l)"(-l)"("+')/'x(7oi)x(7i2), (77) 

x(eo7oi) = Xiloiei) = (-l)"+'x(7oi). (78) 

We refer to the equations ([75]) and ([77]) as the reflection formulas. The 

next theorem asserts that a monodromy character is uniquely determined by 
its values on the straight lines. Recall from the introduction the definition 
of as the set of all matrices Q : Z x Z ^ Z satisfying (jl4p . 

Theorem 8.2. For every Q € there is a unique monodromy character 
-.V such that 

x'^{s{z,z')) = Q{z,z') (79) 
for all z,z' Z with z ^ z' . 

Remark 8.3. By the reflection formulas (I76p and (I77p . the value of x on 
any product of the form 

7771 — ^ 

7 = 7oiei 712 • • • Sfc.i 7fc-i,fc 

is uniquely determined by the values of x on the products 7i,i+i • • • "Jj-ij 
for i < j, regardless in which order we apply (I76p and ()77p . An example is 
the identity 

X(70iei7i2e2723) = x(7oi7i2723) + x(7oi)x(7i2)x(723) 

- (-l)"("+'^/'x(7oi)x(7i2723) 

- (-l)"("+'^/'x(7oi7i2)x(723). 

Remark 8.4. Equations ()75p and (j76p are consistent in the following sense. 
Suppose the values of x on the morphisms 701, 712, 7oi7i2 and their inverses 
all satisfy the first equation in (|75p and that x also satisfies the second 
equation in (I75p on each identity morphism. Suppose further that the values 
of X on 7 := 701^1 712 and its inverse are both given by ([76]) and ([77|) . Then 
X(7-') = (-1)"X(7)- 

Proof of Theorem \8.S\ . The proof is by induction on the number N := ^Z 
of elements of Z. If = 1 there is only one monodromy character x given 
by x(£™) = (~l)™^"^^^x(l) and so the assertion is obvious. In the case 
N = 2 with Z = {zq,zi} every morphism involving both vertices can be 
expressed as a composition of morphisms of the form 

a{k) := s(zi,zo)e(zo)^, /3(^) := s{zo, zi)e{ziY 
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where k,l & Z. Hence the map x is uniquely determined by ^(^(^^Oj -^i))- 
Namely, the value of x on the product a{ki)l3{ii)a{k2)/3{i2) • • • is obtained 
by applying equations (j76p and (j77p inductively. By Remark [531 the answer 
does not depend on the order in which we apply this formula, and hence the 
resulting function x satisfies (|76|) . That it also satisfies (|75p follows from 
Remark 18.41 Thus x is a monodromy character. 

Now let > 3 and denote hy E C Z the set of extremal points of 
the convex hull of Z. Then E has at least three elements, because > 3 
and Z is admissible. For every e & E denote Ze := Z \ {e} and let Ve be 
the space of all morphisms 'j (z V that can be expressed as compositions 
of generators involving only vertices in Zg. Then the induction hypothesis 
takes the following form. 

Induction hypothesis. For every e € -E there is a unique monodromy 
character Xe '■ 'Pe ^ that satisfies ()79p for all z,z' € Z^ with z ^ z' . 
Moreover, for all ei,e2 G E, the functions Xei and Xe2 agree on Vei riVe^- 

Assuming this we wish to prove that there exists a unique monodromy char- 
acter X '■ ^ satisfying (j79p . This monodromy character will necessarily 
restrict to Xe on Ve for every e € i?, so that the uniqueness of x is granted. 
To prove the existence of x it is convenient to introduce another category 
with the same set Z of objects, and whose morphisms from a to z are se- 
quences 

7 = {zo,mo,zi,mi, . . . ,Zk,mk) 

with mj € Z, G Z such that Zi ^ Zi+i for all i, and Zk = a, zq = z. In 
this category the space of morphisms of length at most k will be denoted by 
V^{a,z) and we write 

V{a,z):=[jv\a,z), V := V{a,z). 

k a,z&Z 

The notion of a monodromy character extends to the category V (with 
in (|75]l replaced by the sequence 7* := {z^, —mk, . . . , zqj — "^o))- There 
is a functor ir : V ^ V given by 

7r(7) := eizor^sizo, z,)e{z^r^ ■ ■ ■ s{z,_^, Zk)e{z,r'' . (80) 

By Theorem l8.1l this functor is surjective and two morphisms in ^(a, z) give 
the same morphism in P(a, z) if and only if they are related by a sequence of 
elementary moves corresponding to the relations (j73p and (j74p . If x ■ V ^ 1^ 
is a monodromy character then so is the composition x:=X°7r:'P— 7>Z. 
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We shall construct a monodromy character x : P — )■ Z and then show that 
it descends to V. The proof has three steps. 

Step 1. If e is an extremal point and a,z ^ Z(, then s{z,e)e{e)^s{e,a) € Ve 
where fi := fi{z, e, a) G { — 1, 0, 1}. 

When z, e, a is a local triangle then it follows from the local triangle rela- 
tion (j74p that, for suitable integers fia, fJ-z & {~1)0, 1}, we have 

s{z,e)e{e)''s{e,a) = e{z)^'' s{z,a)e{a)'''' G Ve{a,z). 

In general we can find a sequence z = zq, . . . , Zk = a in such that Zi-i, e, 
is a local triangle and hence 

7i_i,i := s{zi-i,e)e{e)^'s{e,Zi) G Veizi,Zi-i) 

for Hi := ^{zi-i, e, Zi). Composing these morphisms we obtain 

s{z, e)e(e)'''s(e, o) = 701712 • • • 7fc-i,fc e Veia, z), ■= j^i -\ h fJ.k- 

Hence the assertion of Step 1 follows from (j72p which implies that /i = /i'. 

Step 2. There is a unique monodromy character x '■ ^ satisfying the 
following conditions. 

(i) Ifzoj^zi ands{zo,zi):= (zo,0,zi,0) then x(s{zo, zi)) = Q{zo, zi). 

(ii) If a, z G Z , e £ E \ {a, z} , and 

^ = {zo,mo,...,Zk,mk) eV{a,z), z^ = a, zq = z, 
such that 

, ^ ,^ - „ ._ j Kzi-i,Zi,Zi+i), ifzi_i^Zi+i, , . 

y 0, if Zi_i = Zi+i, 

then xil) '■= Xe(7r(7))- (In this case 7r(7) G Ve by Step 1.) 

We prove uniqueness of the value xil) by induction on the length k. For 
k = we must have 



0, if n is odd, 

2(— 1)"-/^, if n is even. 



and for k = 1 we can argue as in the case N = 2 above. Now let /c > 2 and 
suppose, by induction, that uniqueness of x(5) has been verified for every 
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morphism of length at most k — 1. Fix two elements a,z € Z, an extremal 
point e (z E\ {a, z}, and a morphism 

J = {zo,mo,...,Zk,mk) e'P{a,z), z^ = a, zq = z. 

If 7 and e satisfy (jSip then x(7) is determined by condition (ii). If there 
is precisely one value i with Zi = e and rtii ^ Hi then the value xil) is 
determined inductively by (ii) and equation (j76p for x. Namely, with 

a := {zo,mo, . . . ,Zi,mi), (3 := {zi,0, Zi+i,mi+i, . . . , Zk,mk), 

and Ei := {zi, 1) we have 7 = 5/3 and 

7' := aei(3 = (zq, mo, . . . , Zj, mj + 1, . . . , Zk,mk), 

m') = X(7) - (82) 

This proves uniqueness when ()8ip fails for precisely one value of i. In general 
one can repeat this argument inductively for all i. 

The same argument can be used to construct the value x(7) by induction 
on the length k. The induction hypothesis is that x^~^ : 'P^~^ — )■ Z has been 
constructed as to satisfy (i) and (ii) as well as (f75]) and (f76]) (the latter for 
compositions of two morphisms with total length at most k — 1). We must 
extend this map to one on with the same properties. For this we fix a 
morphism 7 € V{a,z) of length k and use the above induction argument 
with the auxiliary choice of an extremal point e to define x'^(7). Assume 
there are two such extremal points e,e' G E \ {a, z}. If 

ZjG{e,e'} =^ mi = fJ-i (83) 

then 7r(7) £ n Ve' and our value xil) is independent of e by (ii). In 
general, the same induction argument as above, using (I76p repeatedly for 
those values of i for which (j83p fails, shows that the two definitions of xil) 
(associated to e and e') agree for all values of the multiplicities nii. Thus 
our definition of ^^^(7) is independent of e. 

It remains to show that x'^ satisfies the conditions ()75p and ()76p (for 
compositions of two morphisms with total length equal to k). Let 

aeV\a,b), (3 £V''~\b,c) 

be two such morphisms. We must prove that (j82p holds. If there is an 
extremal point e € E\{a,b, c} we can argue as above and verify (f82|) for this 
pair by using Remark l8.3l and reducing the discussion to the case where both 
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a and /3 satisfy ()8ip . In this case equation (j82p follows from the fact that 
Xe is a monodromy character, li E = {a, 6, c} we may choose e = b and use 
the definition of x(5/3) and x(ae(6)/3) given above to establish the reflection 
formula. This shows that satisfies (|76p . That it also satisfies (j75p follows 
from Remark 18.41 This proves Step 2. 

Step 3. Lei x '■ ^ be as in Step 2. Then there is a unique monodromy 
character x '■ 'P such that x = X° 

We must prove that x descends to V. This means that for all a,z £ Z and 
all 7,7' G V{a,z) we have 

vr(7)=7r(7') =^ xi7)=m')- (84) 

To see this fix an extremal point e S Z \ {a,z}. If both 7 and 7' satisfy 
condition ()8ip then (j84p follows immediately from (ii) in Step 2. In gen- 
eral, we must lower or raise the indices nii with Zi = e. Inserting a term 
s{zi,w)s{w,Zi) into the word associated to 7 does not affect this induction. 
When w = e this is obvious and when Zi = e the total number of induction 
steps on the left and right of the inserted term agrees with the number of 
steps at Zi before inserting, because 

fj.{zi-i,e,Zi+i) = n{zi-i,e,w) + ii{w,e, Zi+i). 

Replacing a term s{zi, Zi+i) with the product 

for a local triangle Zi,w, Zj+i also does not affect this induction for a similar 
reason. Here at most one of the terms Zi, w, Zi+i can be equal to e. liw = e 
then the exponent ii{zi,w, Zi+i) already satisfies ([ST|) . If = e we use the 
fact that fi{zi-i,e, Zi^i) + fi{zi^i,e,w) = e, w) and similarly in the 

case Zi+i = e. 

Thus we have proved that x descends to V. That the resulting map 
X : "P — Z is a monodromy character is obvious and that it satisfies (|79p 
follows from the fact that tt(s{zq, zi)) = s{zq,zi) for all zq,zi G Z with 
zq ^ zi. Uniqueness follows immediately from the uniqueness statement in 
Step 2. This completes the proof of Theorem 18. 2i □ 

9 Proof of Theorem C 

Fix an admissible pair {Z, v) and let V be the groupoid of Section [51 Re- 
call from Section [H the notion of marked distinguished configurations c = 
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(ci,...,Cm) S C with m = #Z such that {ci(l), . . . , Cm(l)} = Z and 
Ci(l) = -^(^(1)) for i = 1, . . . , m. 

Lemma 9.1. (i) For every c £ C and every N = {nij)^,j^i € there is a 
unique monodromy character Xc,N ■ V ^ Z such that 

Xc,N{Ci ■ Cj^) = Uij 

for all i and j . 

(ii) For all c G C , N G cind a G Bm we have 

Xc,N = XfT* 0,(7* N ■ 

Proof. We prove (i). Let zi, . . . , be the ordering of Z determined by c. 
Uniqueness follows from the definition of a monodromy character and from 
the fact that any element 7 G V{zi,Zj) can be expressed uniquely as Ci-g-cJ^ 
for some g £ = F, and g can be expressed uniquely in reduced form as a 
product of the generators gi, ■ ■ ■ ,gm and their inverses. To prove existence, 
let c € C and N = {nij)Y^j^-^ £ be given and define 

XcAl) = {NpN{ic\cT^ ■ 7 • c,-))),,- (85) 

for 7 G V{zi,Zj). Denote nij{g) := (7Vp7v(i~^(g))) for g £ T. These 
functions define a monodromy character on F in the sense of Definition 12.11 
(see Example 12. 5p . Let 7jj £ V{zj,Zi) and jjk £ V{zk,Zj) and denote 

9 '■= ■ lij ■ Cj, h := c~^ ■ -fjk ■ Ck- 

Abbreviate x '■= Xc,N- Then 

Xilij^jljk) = nik{c~'^ ■ Jijejjjk ■ Ck) 

= niki{c:r^ ■ -lij ■ Cj) ■ {cj^ ■ £j ■ Cj) ■ {cj^ ■ 7^^ • c^)) 

= nikiggjh) 

= Uikigh) - (-l)"("+i)/2n,,(5)n,fc(/i) 

= x{l^nJk) - (-l)"("+')/'x(7ii)x(7ifc). 

Hence x is a monodromy character. Moreover, by ()85p we have 

X{ci ■ cf) = {NpN{i~Hl))),. = n,j 
for all i and j. This proves (i). 
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We prove (ii). Abbreviate r := (^c(c) and 

rii'j'ig) ■■= {NpNiLc\9)))i,jn nij{g) := {{a*N)p„*Nii^a*ci9))) ij- 
Let i, j G {1, . . . , m} and i' = 7rr,cii), j' ■= t^t,c{3)- Let 7 G V{zj', zii). Then 

Xa'c,a*N{l) = nij{{a*Ci)~^ ■ 7 • (cJ*Cj)) 

= rajj((r*Cj)"-^ • Ci> ■ ■ 7 • Cji ■ cj,^ ■ {ncj)) 

= nij{si^ciT)~^ ■ Cjv^ • 7 • Cji ■ Sj,c(r)) 
= ni,j,{c^^ ■ ■ Cj') 
= Xc,n{i)- 

Here the third equation follows from (|5U|) and the fourth equation follows 
from (j59p . This proves the lemma. □ 

Proof of Theorem C. The invariance of the map (c, N) 1— )■ Qc,n follows from 
Lemma 19.11 (ii) and the fact that 

Qc,n{z,z') = Xc,n{s{z,z')). 

Given Q G J^z-, the existence of an equivariant map Nc with Qc,Nc = Q 
follows from Lemma 19.11 and Theorem 18.21 We define 

iVc := K)I^,=i, n,, :=x'^{ci-c-'). 

Then it follows from uniqueness in Lemma |9. II that Xc,Nc = and hence 

Qc,NAzi,Zj) = Xc,Ncis{Zi,Zj)) = X^{s{Zi,Zj)) = Q{zi,Zj). 

Here the first equation follows from the definition of Qc,Nc in the introduc- 
tion, and the last equation follows from the definition of x^ in Theorem 18.21 
This proves existence. To prove uniqueness, let c ^ N'^ = (n^j)^-^^ be 
another equivariant family satisfying Qc,n'^ = Q, so that 

Xc,N^{s{z,z')) = Qc,N',{z,z') = Qc,nXz,z') = Xc,nAs{z,z')). 

By uniqueness in Theorem 18.21 we have Xc,N'^ = Xc,Nc = X^ ^ and therefore 

n'a = Xc,N^{Ci ■ Cj^) = Xc,Nc{Ci ■ Cj^) = Tlij 

for all This completes the proof of Theorem C. □ 
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Figure 7: A 3-sheeted branched cover over the torus. 

10 An Example 

Let / : S ^ T2 be a de gree 3 branched cover of a genus 3 surface over 
the torus with 4 branch points of branching order 2 (see Figure [7]). The 
map / is a covering over the complement of the two sHts from zi to z-^ and 
Z2 to Zi depicted in the figure. The surface S is obtained by gluing the 
three sheets labeled 1, 2 and 3 along the slits as indicated. We identify the 
fiber M over zq with the set {1,2,3}. Each vanishing cycle is an oriented 
0-sphere, i.e. consists of two points labeled by opposite signs (which can 
be chosen arbitrarily). The marked distinguished configuration indicated in 
the figure determines the vanishing cycles up to orientation. We choose the 
orientations as follows: 

Li = 2+}, L2 = U = {!+, 3-}, L3 = 2-}. 

The fundamental group T of the 4-punctured torus is generated by the el- 
ments a,b, gi, g2, gs, where the gi are determined by the distinguished 
configuration and a and b are the horizontal and vertical loops indicated in 
Figure[7l These generators are subject to the relation b~^a~^ba = 5'i5'253fi'4- 
Understood as permutations, the generators gi, 53 and a act by the trans- 
position (1,2), while 52 and g4 act by the transposition (1,3), and b acts by 
the transposition (2,3). Note that the commutator 

b'^a'^ba = gig2g2.gi = (231) 

is not the identity. 
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The intersection matrix of the L,- is 



V 



-1 \ 

2 
1 
2 / 



Moreover, the images of the Lj under a are 



a(Li) = {r 
and hence 



, 2-}, a(L2) = a{U) = {2+, 3"}, 0(^3) = {!", 2+} 



Mc{a) 



/ 


-2 


1 


2 


1 \ 




1 


1 


-1 


1 




2 


-1 


-2 


-1 


V 


1 


1 


-1 


1 / 



Similarly, 



K{92) 



V 



Kiab) 
Note that Mdgi 



v 



1 

-2 
-1 
-2 

2 
-1 
-2 
-1 



-1 
-1 
1 
-1 

1 
1 
-1 
1 



1\ 

-2 

-1 
-2 / 



V 



2\ 

-1 

-2 

-1 / 



A/'c(53 



Kiba) 
Nc{a) and 7Vc(fl'4 



1 

-2 
-1 
-2 

-1 
2 
1 
2 



-2\ 
1 

2 
1 / 

-1\ 



1 
1 

1 / 

^c{g2)- The matrix 



Mc{gi) can also be obtained from A/'c(l) via the gluing formula 

Mc{g^) = Mc{l) - Mc{l)EiMc{l). 

The action of the fundamental group on the homology of the fiber M = 
{1, 2, 3} obviously factors through the permutation group 63 and hence the 
function Mc '■ T — ?• Z^^^ is uniquely determined by its values on 1, g2, a, 
b, ab and ba. One can verify directly that Mc satisfies ()17til9p . for example 
Mc{ba) = MciabY and 



Mc{b) = Mc{agib) = Mc{ab) - K{a)EiMc{b). 
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A Lefschetz fibrations 



In this section we review some basic facts about Lefschetz fibrations (see [21 
Chapter I]). Let X be a compact Kahler manifold of complex dimension 
n + 1 and f : X ^ Ti he a Lefschetz fibration with a finite set Z C S of 
critical values. Let m := be the number of critical values. We assume 
that each critical fiber f~^{z) contains precisely one (Morse) critical point 
Xz- Choose a regular value zq € ^ and denote M := /"^(^o)- Then the 
fundamental group 

r:=^i(S\Z,zo) 
acts on the middle dimensional homology 

Hn{M) := i7„(Af;Z)/torsion 

via parallel transport. We denote the action by 

p : r ^ Aut(F„(M)). 

Each path c : [0, 1] ^> E connecting zq = c(0) to a critical value z = c(l), 
avoiding critical values for t < 1, and satisfying c(l) ^ 0, determines a 
vanishing cycle L C M and an element g £ T. Geometrically, L is the set 
of all points in M that converge to the critical point Xz G f~^{z) under 
parallel transport along c. The orientation of L is not determined by the 
path and can be chosen independently. The element g is the homotopy class 
of the path obtained by following c, encircling z once counterclockwise, and 
then following c~^. Thus p{g) acts on Hn{M) by the Dehn-Seidel twist V'L 
about L with its framing as a vanishing cycle. (The framing is a choice 
of a diffeomorphism from L to the n-sphere, see Seidel [E].) Now choose 
m such paths Ci, i = 1, . . . ,m, connecting zq to the critical values, denote 
by Li € Hn{M) the homology classes of the resulting vanishing cycles with 
fixed choices of orientations, and by G T the resulting elements of the 
fundamental group. 

Remark A.l. For i = 1, . . . , m the action of gi on Hn{M) is given by 

p{gM = « - (-l)"("+i)/2 (L„ a) U, (86) 

where (•, •) denotes the intersection form. The intersection numbers 

nij{g) := {Li,p{g)Lj) , i,j = 1,. . . ,m, 

satisfy (|17m9p . Equation (|17p follows from the (skew-)symmetry of the 
intersection form, equation (llSp is a general fact about the self-intersection 
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numbers of Lagrangian spheres, and (|19p follows from ()86p . Equation (j86p 
follows from Example IA.3I below. 

Remark A. 2. The intersection number nij{g) = {Li, p{g)Lj) can be in- 
terpreted as the algebraic number of horizontal lifts of the path Cjg~^c~^ 
(first then then cj) connecting the critical points Xj and xj. That 
these numbers continue to be meaningful (at least conjecturally) in certain 
infinite dimensional settings (where the vanishing cycles only exist in some 
heuristic sense) is one of the key ideas in Donaldson-Thomas theory [S]. 

Example A. 3. The archetypal example of a Lefschetz fibration is the func- 
tion / : C"+i C given by 

f{zo, . . . , z„) := + ^1 H ^ 4- 

Denote the fiber over 1 by 

M := /-^(l) = ^x + iye C"+^ | l^j^ - \yf = 1, {x, y) = o} . 

The vanishing cycle obtained by parallel transport along the real axis from 
to 1 is the unit sphere L := MflM"''''^. The manifold M is symplectomorphic 
to the cotangent bundle of the n-sphere 

r*S" = {(e,r/) e M"+^ X ]R"+i I 1^1 = 1, (e,r/) = O} 

via M — 7> T*S^ : {x,y) 1-+ (x/ , |x| y). The monodromy around the loop 
1 1-+ e^'^** is the symplectomorphism -0 : r*S'"' — )■ T*S^ given by 

i^iC, V) = (- cos{9)C - sin(0)^, sin(e) \t]\ ^ - cos{9)r]^ (87) 

where 6 := 2TT\r]\/y'l + 4|7/p. Let M be the sphere bundle over 5" obtained 
by the one point compactification of each fiber of the cotangent bundle. 
Its middle dimensional homology Hn{M;'Z) has two generators, namely the 
homology class of the zero section and the homology class of the fiber, and 
Tp acts on i?.„(Af;Z) by 

V;,a = a - (-l)"("+^)/2 ^i^a)L. 

To see this fix ^ in ()87p and project to S"" to get a map of degree (— l)""*"^. 
An additional factor (— l)"("~i)/2 arises by comparing the orientation of the 
cotangent bundle T*L with the complex orientation of M. In the even case 
the value of the factor follows from the observation that the self-intersection 
number of the vanishing cycle is {L,L) = 2( — 1)"/^. 
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